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Problas 


The glezovous part of mathenstics is solving original problens, 


wut the meat and potetoe ere the ordinary processes of céleulating 


answers and simplifying complicated expreiisions. The vo kinde of 
activities are complementary, at least foi the mathematician, whose 
idess give life to his galeulations, but ‘moese calculations are the 
bene and musele of his results. For many children who will not be 
mathematicians, the ability to calculate accurately, rapidly, ‘and to 
ceiculate the relevent answer, is of greut value. It is true that 
very large and repetitive calculations are now turned over to elec 
tronic computers, but, (a) many practical calculations are too small 
to do on & ceumuter, for the answer can be obtained ‘before the problem 
is even progremed for the computer, end (b) programiag a éomputer 
to calculate is itself e process rather like calculstings 
Onlewlation has been little studied by psychologists, who have 

preferred to study problemsolving end thinking. The remarkable 
studies of Jean Piaget, Margaret Donaldson, and many others in 
children's thinkine" often have deal; with problems thet involve 
very Little calevlation. If we wish to study the pure ‘process of 
thinking, then the success of the process should not ‘be obscured by 
' mere alive in calculation. However, this obvious point hes led 
paychologists evey fron any sort of ealculstions —_— 

| A near exception is the atudtens of prooeases “oe ‘solving problems 
in tutes gence teste, as a performed by Herbert Ginca and kis ‘collesgues. 


This "group nave ‘yritten computer programs, with “heurfstic™ assumptions 
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puile in, to perform tasks such as continuing partial series ¢f numbers, 
ete, Many of the probiems are model caiculations, but differ from 
ordinary mathematics in thet (a) the necessary infornation for a 
complet: solution ts aot given, (bd) the task: is. not taught as such in 
school, aud (c) there is no particaler use for the skill tested. 

These thrss properties seem to be cheracteristic of problems that are 
most useful in Inteliigence tests. 

The present. research is based on the assumption thet ordinary 
mathematics is both userul and interesting. In. 2 sense, it is trivial 
to ad@.@ colum of numbers, That is, no new results are likely to be 
ehtaiust fran e mathematical etendpoint. However, the tern "trivial" 
may cbhscute the true value of the cperations. First, the answer tc 
the sum of a..columi of numbers mey be interesting, If the numbers 
are the snouts of: checks written last ronth, then the sum is the 
totel anoint © aOtey spent throuch checks, and may te a most inter= 
ésting practical piece of information. :.If the numbers are the nw 
vers Of ervore made at various ‘stages of practice in 4 learning 
experiment, then-the sums are the values of the ‘carning curve, and 
havé scleitific interest. It mikht be argued thet adding a column 
of nunbays resuite in a useful-fact more often then any other known 
mathenisticad operation. ~ 

Second adding &“dolumm of nutivers ivan example of & process of 
Beducing a conp]éx exprassioa to « canonical, “simplified” form, and 
that ‘process: is’ tboth-e. suijest of interauting. Anvestigation and ia & 
tool tn alucst:al2 other tathotiacical processes, “The calevietion; 
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to its cencnical or simplest forn, S20. 

It huppens thet for every set ‘of nituydts to be ‘adadd, thé sum of 
every set of integers or rational numbers, there 4s"e uniqie ‘Gainond c&d 
form consisting of & single nuxter. The existence of this thiigue forn 
is of great thetretical: significance; in’ that it’ estavitelies that: such 
calciletions can be carried out by elgorithms! (Wé1) astinad segliinces 
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Polye has said thet nrdbleme 44 naticeietc tats Ong of 106’ forns; 

TO PROVE, or 10 FIED. The théorens ‘about déncnfGal fobus, ‘piove that 
there is e wiique stm to every set of nustiers; étel;méy te reintively 
compliciuted eud:advaneeds Thé-Probess-or Miding thé soluticn is) also, | 
complicated thougti in thé“Cise of eleiéntiry arithenbtic it ‘consists 
of ex-algoritim, “The ‘wats#née- 6? the dt g6ritin ‘wid — ‘éethe 
uniqueness of the solition “aamizé sis“ that ‘there Will vé'to | 
surprises: ‘when ‘We eid -a -doliin ‘of ‘numbers Sk-fact wndd Which babking, 
aces Hovever; ad — three 

> Nyy “sa Giant GAL pebSeaien aie rdivtad ti “tie th outcome dee 
"Poxgede’Gainlusion”, but this does not mean thet the outcome is known 
before the process is carried out. ug | 


] 
_ 
Although we have sone understanding, in & general way, of the 
: nathenatical nature of aiding 4 column of numbers, it ie remarkebie 
that we have so little widerstending of the psychology of this process. 
Idke other calculations, adding a colum of nusbers may be thougit of 
af) an algorithm, and this brings to mind two questions, First, whet 
ure the elementary steps in the process? Second, how are these steps 
coubined into the whole serial process! 

In adding numbers, we should not be too sure that we know what 
the elementary stages are. Following an ordinary method as the writer 
hinself performs the task, ccusider adding by the usual rethod as if 
it were 8 camputer programs The program is sketched beiow, though of 
course the information given below is insufficient to find where to 
write the enswers, how to carry, etc. 

Notice that each colum of the. numbers is made up of a chein or 
loop of subprocesses, including adding new nudbers to a preseat sum 
end then checking to see f one is at the end of the cclum. Psycho~ — 
logically, adding 7 to 4 present~sum of 25 may be relatively complicated, 
end is not easily performed by a young child. At each change of 
column, @ new check #24 the cartying operation mst be performed. 

Thus, there are 8 number of “tnstrustions” or steps, and a number of 
Gecisions to be nade, within this algorithn, Fortheruore, the algo- 
rithn, since 4t contains loops, represents @ serial process in which 

. the elementary peovessos ere strung texether within s Sranevork. All 
tn ali; adding & colum of numbers by the stenderd method is relatively 
 ecupltcated, 
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A Psychological analysis may approach the problem from. several 
other dizections, Adding, certainly, involves a good bit. of memory; 
we merely remember thet 5 +813, A fairly large store of permsment 
information is employed, Whether it is subject to confusion, delays 
in access, ete, 2, is a question of scime importance, Aiso, adding by 
she usual methods requires the use of sone short-tena nemory-~the child 
must reneuber his “present, sun" and some other information, must not 
lose track of where he is in the Probie, ste. Sinilerly, the child 
must remauber where he is ir the eigorithm, In addition, numbers must 
be perceived without error, Fineliy, @nswers gust be written dom 
correctly, in the right place. _ All of these sub-activities are possible 
sources of Geley or error. . | 

' The _problem, of these Javertigations ,. is to hiereea wore about 
the actual sources ang, symptoms of difficulty in simple qrithmetical 
tasks, with the hope (a) of learning more abcyt humen cognition rd 
(b) of laying the fomdation for.a sensible nedegogy of mathematics, 
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proclivity to caloulate correctly. This point of view is most eccun 


rately stated in Wertheiner's. —— 10) COR, PROOUCTIVE ay G, in 
which ineviteshle fie} ae onces attract the ye and “Ke the tiene, source of 


the difficulty, then ewirl ebowt and combine to preduce the soZution, 
Only rigidly. ordinarily induced by bed teaching, can prevent this 
natural process from proceeding to its charming conclusion. 

in opposition to this romantic position stands Flaget, with his 
assertion that the young child is by nature wigid end unable to com 
pute, end only develops fleslbility, the abllity to be carried by the 
structure of the situation to the proper euewer, by @ series of new 
developaents jeading to groupsents and operational thinking, 

The present studivs differ. fron Piaget's usual orientation in 
taat attcation centers on the purticular tasks of arithmetic, rather 
than on the general abilitice ani levels of development studied by 
Plaget. It ia natural, with the interests of the Geneva lebdoratory, 
that the tasks should be chosen not for intrinsic interest but for the 
informatio: they purportedly Varew on the thought processes of the | 
eaild. ‘Therefore, problems in “conservation” of voluues, in nunber 
of ees a subsets comparad with the whole set, etc., are charace 
teristic toptes of stuczy. The cuii¢ is asked what moves the trees on 
a breesy Cay 9 cr a required te s-2 as pecses with & dalence, 

Such tasks are ia usuadiy 80 as te miinind se the amount of 
calowlation required, deceuse the investigator te interested in general 
evels of develomment, not in the mere mechanics of neaipulating 
syuboas, As e @ result, —_ investigations tell us — nothing about 
how children on calouite, 

A thecay derived fron work ke  Hiagette will attribute solution 
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of a given problem to the geneved ebtiity, developed ty the child, to 


perform operations with the required level of abstractness and the 

& required flexibility of interrelationship. The snalysis may include 
the idea that specific relationships, not only "levels of ability" mist 
ve present, but this merely leads us back into the educational end 
psychological history of the child, 

The present theory has three parts. First; the assumptions and 
elementary. ccasequences of “discrimination-learnins" theory will be 
stated. Second, the saneral idea of algorithms and their applicstion 
to elenentary motheustics will be outlined, Finally, an integration 
of the two sets of idess will be ettempted, in the way of asking how 
the child will guide his algorithmic behavior by discriminations. 


, Discrimtnetd on-Learning Theory 
Disérimination-Learning Theory is a set of experinentel findings, 

conmracted by common underlying assumptions, that can waive ua-the basis 
for predicting behavior in more complex situations. in this , it ig 
like clesslcel=cauditioning theory and Skinnerten ‘opeventecondtttoning 
theory. | 

Phe conditioning theories center on the ides that donning results 
in the formation of new souneetitons between stim ‘ed responses. 
If a cs is followed a a UCs, a ‘condstdoned oe CR wilh appear, 
attached to ‘the cs, tes is folloved by oR ona th - by a reinforcenent, 
in 1 Skinnertan theory, ‘then the ecanectitcn of R to 8 ts etvenathoued. 
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In its simplest form, the theovy deals with a sequence of trials of 


training a each of which e stimulus situation is shown and a "correct 
enswer” indicated. In animal training, the aninel is required to make 
@ choice response each triel, then is either rewarded or punished de- 
pending on whether he fs correct or'note. The coxrectnese of & response 
is indicated only by the reward or punishment.: This.is trialeand~ - 
error leamings ~~ 

the gubgest -* faced with. successive trials of such a probien, 
establishes @ pattern of responding that may be cailed a "strategy". 
By a strategy is meant ea pattern of responding that provides the sub- 
ject with a response to each of the situstions presented in the problen. 
Theat is, Discrimination Learaing Theory does not assume: that the sub- 
ject acquires each part of his behavior vattern independentiy--on the 
contrary, it assumes that all: segments of the tehavior system are 
organized Tromthe beginning. ~ -< 

If the subject meets with success, that is, if he attains «. pro- 
portion of veverds. ‘over. punishment: thet is high relative to his 
stendard or adépsation-level, thén he malntatns the ase strategy. If 
he feiis, that is, if his ‘level of revards ‘felis belew the adeptation 
‘evel, ‘the subsect changes’ strategy. et 

The subject is: conceived to have availebi« a fixed set of. strat- 
egies 6 s* Some of these strategies, (nos necessarily a unique one), 
Will servé to ‘solve the problem -endprovidethe subject with satis- 
faction aad success. © This ds the setvot ‘Neorrect” -strategies,..synbolized 


by’ 0. vther strategies are irrelevant to the problem at hand, end 
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if followed lead the subject to unsatisfactory performance and "failure", 
: It is understood that such irrelevant strategies, the set I , may 
dead to tenporary or partial success. 

Sf S is constituted only of the sets C and I, so thet 
cUlLe=S , then we have a reluvively simple experimental problen, The 
subject begins the probles ty choosing some one strategy at random trom 
s ‘ If the strategy so chosen is in C » the subject begins at once 
performing correctly. If the strategy is in qf, then eventueliy and 
before long the subject experiences feilure, and then resamples fron 
the set S , with replacement, (Tuet is, the set 8 is not changed.) 
If this 1s also an irrelevant strategy, an element of the set I , 
then later the subject will again resample, He resamples over and 
over until he happens to hit upon a correct strategy, in the set C. 
Since that strategy leads to success, the subject doss not chenge it, 
end his Performance will stabilize at success, 

in this simple situation there are several properties of the 
penerior that ‘are of theoretical and practical interest. 

le Performance or "earning" is alleorenone. 

Proof: i? the subject has an drrelevant strategy he must 
resample, and thst puts him back in the situation of sampling at which 
he started. Thus, until he hits a strategy in set C , the subject 
makes no partial progress, : | a 

2. The _Brobebility of suffering exactly a failures forms s 
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lmc . Then he certainly suffers >. failure. If he ‘then scepiag end 
chooses & correct strategy, (probability e), the firet feilure will be 
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than choode 4 ‘edtrect ‘strategy 80 ‘as ‘to end ‘the fol lures. ; es in 
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and is Slightly Yerger thentiie maeny The data ore highly varishles 
Furthermore, the geonstric distribution is sealers with ite mo mode et 
zero failures. 

3, The speed of earning depends upon the probability of choosing 
a correct strategy. = ; 

Proofs ¥ron point 2 sbova, especially Equation 1. Notice 
that ag ¢ indfeages ttie fraction (l+c}/c. decreases-shence as the 
probsbiizty 6f shoosing 9 correct strategy’, © » Noe seme 
expected totel fediures before solution gets. smaller. 7 — 

"Remark: Mean totel failures, 2(T) , is a userul index ‘of 
*aiefioulty” of the problem, and we shall think of "repid levrning” as 
Wrequced meen errors” | ae 

4, Let any set A of strategies, a subset of S , have & measure 
m(A) . We construe m(A) as the tendency fer the subject, wen he 


esapins tion 8 S$" containing A , to choce e big sample from Ae 
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# On -2oaidg gm CUI, and C has no elements in common vith t 
by definition, it *oLiows trots elementary measure theory that 

[4] (8) ¢ > afc) + ‘aft } 
Now c , the probability of: ‘Gigbolte = = Stet strategy, is defined ae 


Rly lege Aka ys mx F - 
* atte eee e ee Le de ne) 
tes es e a Ao. ay 
we 2 Ph here Py i ee ee 
: “ate + in ca : Bae lbs 
yy. Page yo ¢ 4 
“ m™ Be Nin 7 1 gis i ree . 


iu hoy 
m™ 


in age equal, “the ‘speed of leaning cin te Sieredsed*dy 
get rea Siar 


ne g stteraetive 20 cormect strategies to the ‘peoblén.” 4 Ba ray 


EEpors J __ Bpposs that the ociginel set of correct strategies 


a, 
3G BEM ” 
ES -% 


a, cated. Lo. 2 end the added sttemative cdrrest attetaghin’ire set 
c, » the Language of the ‘statement iupiies that there {eis over ep 


3 


between ee: ond SG Athat, iss. we..8hell. think ofthe sdana : sated ‘strategios 


bee only th r th ® nee coe sided.) In the new Problem the set “or: cuvack:” 
strategies Ay —s = -_ en ee 


~ . , - s oes 
wife eee 


ae wh Bp ge we pe fy iF Uc, » 4 fo MASK SSB y 
a, since the to are Mejoing, fot 3 Beg 


cape ee MOL a), 8. ac. ) nate ded (a we Aa Le 
There is pe vesson, to believe thet adding Hey zelevant strategies 
shoula change the ret of Arrelevant, Strotegless.so-we -agsurie® that “the 


eet f is Unchanged it - 4. de the senect. of: irrelevant. Strategies; 
Se vyptna 4, = $i oO” BA) oe. tt tated sete egy 


pe es “8 : a wk 
Sete Te aE Fe Mb. os eel a ak 
the toad sets c of s strate egies €3 are. algo. different, of Courge s -: POE at 
BOER Es oe SES 85.8 GUE. SO gae e RT Ly OR eat 
_ Oe ateetsehe. toa on. &, 2 @, UI 


Putting this 8 together, we find.thet the proportione-of “Cokvect strategies, 
: old and ak are. 


. a 
ee 
Hy oe v - - 
aca A i Bie Gee Sex 
Gran, 
3 oo ete & is 
} we gto ‘ 
OR SHAVE Len ae 
’ iJ “se 
aoe L% o> ‘ 
Don h 
F witiey al Sh eg 
; PR ees 5 
rom a7 


ond, provided that m(¢,) is groatce tenn tofo, the result 4s that 
@, “ts arester than So «AS mentioned under Folut 2, this means fever 


er} 
es aad as stated wider Point se: aOETs Aura ig what ve mean 
: ty fap 


— % ORES ss a 
* , Magueatons An SREP Andustey decthe wie ot fectope= 
arn nom is PS, A nee nt nn 


A Pee 
es, 


——— er. oe ce sete eg nn US Aly enn x ninennt th ietlellt Sie * - ——~ 
1S incase eee abpececest aga nae nite 4 Nach. ane ORGS Nis AOE TY 
as 7 es 


ah 


J 
| and fuel systems, but the two may be interaixed.and similar in generet, 
. mppeaxence inside a truck. motor. If sll partes of the tranemission are 
(in a training vehicle) painted yellov, and all parts of the fuel 
aysten are painted red, then these color eves are the basis for a 
nusber of new strategies. The result is that the trainee can more 
rapidly discriminate the two systems.” Aé ‘ve see below, he may not be 
able. to-work on regulex trucks afterwards, however. 
The Proof of Point 5 is relatively complete and elaborate. 
Since the erguments are elementary througiiotit this section, they will 
| be given in relatively sketchy form, It is to be understood that each 
particular point should be spelied:out in couplete deteli. 

6, -Qther things equal, the speed of learning can be increased by 
reiueing digtractions, if this hes the effect of reuoving some irrele~ 
varit stretegies from 3. . - gets 

--. Pxgofs. Let,the original set of irrelevant strategies be 
Ss 


a’ 


called 1. ond the nev set, after removing distractions be | ys 
ong .agewme that .a(Z,).< o(I,) .. Then, since other things are kept... 
OUNALs. S.¥ CO, * Co, Henges 
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ayes Tons Otherthings eqush, the mean. total err me: ).. aa 


— MSE PS A 


4 


«adnepyly.with, the nugher, or measure. of, Saitek gece FOB, 


Ge 
rite = ae) % 


_pretaariaetessat vasbtwedbise,comtatar Fpeune mea 
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Procfs Let I. be the varieble set of irrelevant strategies. 
Then thy proportion of relevant strategies is 


(7) Cy ® NOE ema 
Pron Eq. i, | 
a(n.) = +S 
z 


end substituting the results of Eq. 7, 


bAGy ) ate = . 


Sance m(C) is e constant, this seans chét-the wetn-errore-are propor 
tional to the meastze irrelevant strategies. 

Discission:- One application of this ides is to:the school« 
roon} ‘wher ‘the chtiarad: ave lively and govitig: about; the walls’ are <> 
covered with colorful and interesting posters) and the dey=ts<full of 
activities, it cust be abiumed’that the children are full-of 2rretevant 
atrateqiés with’ respett: to any: sarticuler task they sre to work on. 
The rasult-is “happy childvep with law leamming ¥ateso%k<s 
2 -Seint Te Other things equal) thet rate! ofieathing.can be 
increase? by eephasizigg the: relevant: cuebeic” >. | 

“2 Discussions By "enphasiving" 4 sineant. Using vole. stinzlue, 


ei ee polhter; Lilacs in-print jcolorin'w pisture; ete for the: 


puipise of dete the Learner's ettention ts: veleveht! cues; thie: 
WEAL, Ucrdase-the probability or teing a given correct strategy, not 


shee | ee yam othe er im ne tha oR Ne Re Se web 
2 ie a a Se ae EE ee 
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by adding new correct strategies, but by changing the sampling proba= 
biiities. 

Point 8. Other. things equal, the rete of learning can be 
ieceass by giving the sub‘tect a useful record of stretesies he has 
tried, In this way, hopefulty, the subject will discard. all drrelevent 
strategies tried, ‘end sfter each.faijure he will have a higher proba-~ 
bility of hitting a correct strategy. 

Discussion: If the learner uses the recaré to eliminate 
~ strategies he is not sampling with. replacement:from.a fixed. set S , 

a The notion of learning by. systematic elimination hus transcends 
| Simple discriminaticn-~learning theory... 

Point 9... Trensfer.of training fron me simple. diserimination 
te another occurs. all-orenone, 

- Proof:. Call. the tasks A and B, Suppose the subject has 
chogen a particular strategy s to solve problem A. When given the 
first trial of problem } , he presuuably bere the seme strategy s 
ifne cen. If s is also a successful atrabesy in probiien B , then 


he trensfers perfectly. Cal? Jers +2 a5 = a a a 4 aa bee = ane ps wed onthe 


New suppose theg, , Pbrategy.,.8 Be. en AO. Appay. 4 du i prob.lem B at all, 
, © the subject connot use. it.. Then he,must begin, senpiing on. problem 
| B. just as 1f he hed ap.carlier training ("none )e ce. ses. 
- the only remaining possibility. 4g thet the. diane Apply;, . 
strategy...8.in problem. B » but it, Jeadsy to fadlure. ..After that, fatlure 


ae St 


the Bubies Presumaply, Rwst Zopepte, end is again just like a subject 


lodect .P $2 be Ga AE x walk 


with no previous training ("none"), 


Nre a 
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Point 10. if a subject suffers. so mck ae one Saklure in.. 
transfer, then his expected future performance: is the seme ae if he 


nad no previous trainings 
Proof, >This: is.a simple consequence:-of: the alleor-none . 
transfer idea. A single: fellure 1s enough to tellus that the aubjert 


is not. transferzing "al1"..- Hence. the tranafer sues. be. none, from... 


Point. 9, " 22 were oat fe 8D SR EF Hy Saree Na Se, aiege « 
ooo... Poimb 11, The probability of transfer fromtesk A. te teak: 


B , given mastery. +f A, is squeal to the nouditional probability thet 


& strategy, given It is chosen from. €, . is: an-element of Oe Ay 
Discussion, ‘This again is simply. a restatement: fren the: proof 


of. Point: 9. - However, it has a useful mathematical: point, as: follows :. 
Consiver.thet. the subject had no training that: transferred to Task A; . 
Pask. .A -is tie starting point. Then the probability of transfer to 


Task B is given by - «eee ee se 
ui {oY Pvanster iB)» Cn MR) og. 
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pplication of Discrimination-jearning Theory ~~ 


Lei" day the Ear opiiance oe Ma NN cy ea 
Oy hi Eaneiirica Oe Macuematst eae oS <> 


“Clearly; adding e colwm of numbers or counting the pennies on a 
desk erg activities quite ditterent’ frdd trialemdserrds Igarning. 
dovevei} aetiswanted Gaake udy Wequive ante dtitiattond, dr-viitch case” 
tie dS octe tds ‘cnservea ‘sy te velated t6-sonie Of thé Varteblos in” 
Discrintidticn<tearnivie theory, 
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For example, consider ea child counting pennies, . He mist, Zirst, 


discrininate the pennies from whatever irrelevant. stimili may be about. 
This, in turn, will be easy if there are no csher confusing objects 


about. If no other coins are present, then mere roundness can be used 


| 


a3 the besis for discrimination, though if: there are dimes. in the pile 


mos 


additional cues ef color.ana size must be employed. This shows how... 
‘by simplifying the situation, one can make more strategies relevant. 
Sinilariy, if all the coins to be counted. are physically close tegether, 
then location can be the basis of 2 discrimination of the get te be 
counteds During the procesa of counting; the child mst alweys be able 
to discrininate between the set of coins already counted, and these 
still left te be counted, This discrimination.may be greatly aided by 
moving tlié coins from one pile to ancther, adding new strategies based 
on docation, 

Discrininetion learning theory would also hold that this, and any 
other -discriminations. needed, would be easier if -distract*ons are re- 
moved, In uathematics this may mean both improving general working . 


eonditious, and also study of: the design: of. questions ,.many: of. which 


include ivrelevant or. unnecessary -information;:.or.suggest many inappro~ 
priate strategies, *-' een St Gas 

‘o \ Dae question of transfer-of-treining is the. most delicate. . The 
allsormnene tréisfer theory arising fron. discrinination-learning theory 

“pea: e Girect aypiteation thet can be tliustrated by a poasible pattern 
+2 Pellure.( transfers © .. nae wR 2 


ig 


ss A, child becomes quite skillful at answering the following sort of 
"Word Problems", "Nency is 12, John in 7. What is the difference in 
age between Nancy and John?” Our chila is taught to do this by lis- 
tening for the word "difference" and being told to subtract. 

Another problem is given, "Nancy 4s 3 years older then Mery, and 
Macy is 2 years.older than Jctn, What is the difference in age between 
Nancy and John?” Using the strategy that solved the earlier prebdlen, 
the child subtracts; 3-21, and he offers the c.awer that Nency 
ig. ome year clder than John, 

In this situation the child has found a strategy that solved 
tack A (any. tack-in which the difference is foma by subtracting) 
tut now feiis.on the new problem, in which differences are given and 
mst he eied, In this case, the old. strategy applied but leads to 
failures. 

This possibility illustrates an important characteristic of 
discrimination-learning theory and its approach to dearning. After a 
given problem ie-mastered, according to discrimineSion-learning theory, 
we still do not necessarily know what strategy the subject is using. 
All we know is that the strategy he -is-using, whetever it is, is 
good enough to sgive. thie particular prebles, Therefore, it may cone 
a8 8 surprise to the teacher that the child, having answered « vhole 
sequence of "aitterence" problems..correctiy. suddenly gives a "stupia" 


SnSKe? 2. new problem. YWeat this nemeis thst the earlier behavior 
wag. maciated, by. a strategy not intended by the teacher. 
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Algorithns 


An algorithm is a recipe for mathematical or other activities, 

including metheds of making ali. necessery dscisions, If it is followed 
mectiy it always terminates, and always yields the correct answer. 

Any set of problems that can be solved by algorithms are "¢rivial” in 

that ne intellizence or nathematicel insight, end no luck, are needed 

to soive them, 

The theory and methods of algorithms are nov considered, not 
trivial, put quite the contrary, for any problem chat will yield to an 
algorithn is "computable" and can be handled by a digitel computer. 

The general, theory of algorithms is extremely precisa and formal, 
énd not appropriate for this context, However, some obvious properties 
of algorithns may be mentioned to suggest hoy & psychological analysis 
may be perforned, 

An algorithm is a variation or elaboration of a system organized 


es follows: 


BATE (sm 
The pair of parts labelled OPERATION and TEST form a lopp, in that the 
operation may be repeated over and.cver. A cxcupletely closed loop 
would he repeated, infinttely often, but the TES? step provides a basis 


for stopping the algorithn, 


ete + 


6 VRE an gaat RE Me AN SPREE ON OS ERE ote 
ea PSE | PCE A RARER EN ate nero ~ semen renee ie~CeRRrran eatin Hensbererureetee sense Poewemaes +, 


in psychologieal problems, « certain situation is entered at START, 
The step OPERATION modifies the situation, and the step TEST corresponds 
$c & ccnpasisan cet VEG REW SLUUGILOU With Some eTiterion, Depending 
on the reletion of situatior to this: eaverion, the elgorithn may 
return to OPERATION end again change te “situation, or may EXIT from 
the algoritin. ; 

Notice that the above is similer to the concept of a TOTE unit 
(Bent-operate-test-exit) put forward by Miller, Galenter, and Pribram 
in their beck PLANS AND THE STRUCTURE. OF BEIAVIOR. | 

it de ‘possible to develop more complex algorithus by Po more 
then one operation, and. then tnereasing the |, complexity of the TEST to 
permit any of severel decisions. A slight complication ie ‘the following: 


ae Ce 
: TEST 2 y 
beg qo opERAnow 27° , 
“} eo 46 oFtRarzoN 3° 
post Wages oe Weyer 
wi 34 Magy oat. wehegere Urbis thet eo on i 
in. vaich two elemntary 80TE units are hooked together. in the. pattern 
WE te ok 
ohove: the oe oe are hooked UP an parallels . They, may gia9 HG oa 
connected in Bersess | bg Zoltows : ‘LPitesi en reqs Te ow. OM, 
WE OP Shek Perlite fq <7 A Lares t, Se ee eee tae y 
seg Bo a er vac Oat 4” 2 Sou? oper thes aoee 
r ae “hf fay 2b Ve Lak & Briar ois SOP eas 
Qo 
ANTS | Se 


a 
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* aOatie ae Pater ae 


e a nc re eer | — ee nce a ETRE = iooetatenetettiedehttend 
~ aio - 


GO TO OPERATIGCN 2-” 
EXIT 


In this second arrangement s OPERATION 1 a= TEST 2 are an optional 
predininecy to OPEHATION 2 <= TEST 2, 

Basically, ene must aiways proceed fron SEART to an cperation, 
ang then after en operation thet may be relatively coupit cated, one 
mist serge at a TEST. The RST ie 8 branchiag point sb vnich there 
may be arveral alternatives. Every altemative is either an OPERATION 
or ea EXTP, | | | a 

Lf the algorithm is to te finite, 1% must be true that the syaten 
will elvays arrive at on EXIT in a finite nusber of stages.. Therefore, 
there igst be no closed loses. This im tur means thst wherever the 
systen gpes % inet always ‘encounter tests “ ~~ Sura 2t to EXIT. 
Furthornore, ie ‘the ‘aysten does uct & exit, 4G ‘ust go | to en CPERATION 
or gerics of operations that. change the situation, and tie change must 
pe in the direction of whatever ‘situation fesits la en EXiy, 

- This jest Comte is vary compizented to discuse end eraluete, 
Obviowly, it is a general descripticn of e comzater pregram that does. 
not heag up or go into on endless loop, end enyone who has programmed 
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& computer knova thet the logic of a good program may be axtrenely 
complex: In fact, it ia eften much easter ts run a Program and find 
cat if it works, then te analyze 2t and determine its logical visbility. 

in ssychologteal, models of aigerithis, & oyatem may only be 
stochesticelly finite. . By this prepossessing statenent IT mean caly 
this; the system may be in a leop, returning to opantlons aad not 
suitics, eny number of tines, However, the chaages in the situation, 
oe else the sutcones of the tests, are probabilistic. There £38, On 
evezy sweep threugh the leop, a non«zero grobability of exiting, end 
the probebilities are such thet AS E INCREASES, THE PROBABILITY or 
REAAINIHG IM THE LOOP FOR AT LSAST W TIME-(NITS APPROACHES ZERO, 
Thus, we ceanos set @& maxiswm number of trials for the algorithmic 
PYOCesS, 2k Sty Tass Yor some M , the vysten cuits by trial MB. Ail 
we can aay ig that fer eny srcbability P however small, there exists 
& auuber of trials depending upon P , N(P) , such that the probebility 
of the system looping as meny as (PP) trials is less then P , 

A coxputer program with this characteristic ts dLagramsé below: 


[1 Catt A RANDO DIGIT WN © 1,2,3,4,5,6,7,8,0, oF 10 0] 
 eESe IF 2 
if 18S, Exty 
‘2 NO, GO TO STATEMENT 2.- |. 


hes arrears 


Te, i 


ai, 


Suppose that cm each sry, the probability thet E= 1 is equal to p. 
Tien with probability 1-= p , the system loops. The probability that 
St loops H times ie (1ep)" . thus if one wishes to ve sure, to & 
probability 2 = 01 , thet the systen will te finished by 4 trials, 
WS merely choose 6n N sc jerge thet. _ ee ‘ 
| (ep) < on. a en 
There always gs such en N 3 say NW. larger then log 01 / Jog (1p) 
will do, since the criterion wes equivalent to. 
N log (i~p) < log .01. 
(Note. please, that both logarithms are negative), The ebove inequality 
transform: to ‘ . 
E> iog (.02) / log (i~p) 
when beth sides ere miltiplied by the negative number, i/leg(iep) . 
Teh characteristic of & atochastically-finite system is that the 
OPERATIONS ueed not pregress in a particular "direction" toward ths 
result thet produces EXiT. Instead, the GPERATIONS may wevely sample 
about, wroducing no. net inuprovezent, but with some finite prebedility 


of arxiving at a satisfying situation in one, or « finite series, of 
atene. Ms . * oe ereepee, 

Clearly, unger. these circumstances, sné need only think of the 
OPERATIONS? pairs au states of a Markov Chala, One of the states, 
EXET, is en absorbing stats, end there are no other erguiic subsets. 
The if the sysim has s finite number of stghee, 1+ Tollows that the 
algorithm Xs stochastically finite. 
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Te above semarks are “ponewhes ; infomal, but serve to sketch 44 


the comocison between elgorttims » os repented "etepe of calewiation, 
and the ‘el-or-none qesrning process of diseriuinats on jearniag theory. 
tek OVRRATEOS i? peir can be thought of as an instente of diserint- 
nation 2 teaming, and on each pass through thes State the subject has a 
possddi lity of 7olriag tha problem, dn this vase, golng to an #krv 
ettuction. re ‘Yearning is ali-onncne, then ack of there sib-nystens 
ean “be * thought of as pert of & Markov Chain, for tiie alleor-nene 


peapesty As ifentical, $8 dike theoretiea) a2 ignifleehee, ‘with the pasic 


™ aus 
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espunptions of 3 sinpie Morkaw thaie, 
| Consider | ®& ehizé adding the column of nunbers 


‘ig 


Varanr: vind the ep nevbor Band read 1 into sterdge X « 
“OPERATION a: — below ‘ae meshes below 3 ° Cail ay “YY, 


cease az * 


Ssh, 1s hare & ‘moe ‘these? 


tr Heo, ao to Operation 2. 
| if Bo, Go : Go to Gporation 3. 
OPERATION : Ada Y to X. Cail this result ZX. Ge te 
Oseratian L. 
OPERAPION 3: Write dom X as the enswer. Go to EXIT, 


ttl eee epee) “CRT ter A ee em enn —_ pce werrienne ae rs ee en re ie ae 
mene ow awe paneet a aie ee eae. es 


Several comments about this exemple are in order, First, it is 
formally & proper algorithm provided the opersidons ere defined, and 
provided there is & point in the problem et which the TEST will come 
azt "No", that is, the child will sini et the end of the colum of 
numbers. a | 
, Tt might be objected that OPERATION 2 includes the concept of 
"wiaing tyo numbers", and it is cizcvler te define a algorithm Zor 
rAding numbers thet includes 2. within it, the concspt of addition. Howe 
ever, it may be assumed, at Zeast as an hypothesis, that the psychological 
act: of adding two nuxbers together is less then, and different fron, 
the act of summing 2 whole colum of more then two numbers. 

A more complete anelyvis of the problem will analyze ths OPERATIONS 
given sbove into parts. It may be that within @ single operation one 
can finda séquénce Of steps tnd tests. ‘the yrites seuetiess, when 
tized, is rathex bed et arithmetic, Suppose he mst add & t0 37. 
Es nay put out four’ fingers of one hand, and say to‘himself "37", Then 
he counts fron "37", at each comt folding in oné of thé extended 
fitigers, and at each step checking thet there ig at isest one finger 
out Wien titre are no fliigets, the sum is siubly the last number 
said, Thus, “ADD 37 + 4" becodies the following algorithm: 
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START 


OPaRaTrom Put out nunher of Pingare sorvespending to amalier 
number, 

OPERATICH 2: Say the larger maher, Ko 

OPERATION 3: increment the larger muaser F to HN? i, 


OPERATTON hs Fold in ome finger, 


If YES, go to OPERATICN 3, 
ri? HO, go to CPERATICN 5, 


= ARE THERE ANY FINGERS SILL ODT? - = 
pais Write dom Ho. EXT? . 


fo ynderstend arithmetical calculetion, it is not sufficient te 
widesetand & chiid adding two nushers. By further snelysia, thet. . 
process may be broken dom into its components, thongh we may fing | 
that the composents, such 4a counting oi the fingers, are no Longer 
used, and the result is obtained "directly". Hovever, ve mist aso 
synthesize together tha individual acte of adding into @ total process, 
by which.the young adult becomes able to adda vhole colum of ,S-piace 
digits by hand, Af necessazy. The purpose here in introducing the . 
notion of algorithms ia to permit the syntheste of the peycholegical . 
process by waleh .oritametic calestations ave carvied out... 


Sp ee 
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Diserininative Control cf Aigortthns 
ae Ge oe le Pe Gt og ee TE ay Bh Be tee oe oe ty eect 
Botice thes the power of algorithms is ‘that they permit the reuse, 
over, and over, of the cams OFZRATION, and thus effect & great economy, 
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gn that very complex tasks, bee hunareds of steps, can be excomplished 
after the nastery of only two or ‘three OPEHATIONS, ; 

saab Af wa would return seein = again to an OPRRAETON, we 
rust eve Sone way or terminating the process, otherwise each calou- 
lation vould merely throw the performer into an endiess whirl of 
einless activity. | 

Furthermore, mest couplez catealetions are not the repeat of 
exactly the sane operation over and aver, but instead require varlations 
in performance depending upon the current state of the caleuletion. 

Both in order to stup ‘the Process end 0 give it the necessary 
flexibility , each step is controlled by a TEST. 

Specking in peyehologtent terns, a TEST is a discrimination. When 
the algoritha specifies « rests the subject muet inspect the situation 
ewhich no doubt hes many izrelevant aspects along with those relevent 
to the elgosttin) » od select from it the essential stimilus character- 
istic, sn one of two or more veupeuses mst me chesens L% heppens 
that the Sespcases are OPERATIONS rather then simple choices, but it 
is still yoesible to consider the choice process itself by use of 
Discrimination learning theory. 

“no this wey at is conceived that t performances of bea ‘algorithm . 
Auvolves perfornance or severed discrimination problens, When a cnina 
denens an adgoritim, he mst learn each of these die-ctntnsttons, = 
bis "epiitty to perform oe stasis tisk without ex *, aad without 


ae 4 eRe Wp sihe 


false Bas ( quitting), . depends upon his -Precieica in discrimination. 
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re proportion = euarity of relevant cues, the prepotency ‘oa correct 
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strategies, elivinetica sf digtvacticns, ete., showid alk hem « eoke 
ig mastery of alconithus, end aiffeuktica asy often ba atirivuted se 


$x}: Jase oe Beans Pa TEER mwsnecAs ete et BA ed end od nese 
ow ice aces EI Pa rey oe TS: WSO ASIAN CTE S 


Sn seme of our work, uw hove nobiced a psywhelestes’ gresese that 
conflicts, in some ways, with the shove aceion ef an Sigoritim sz the 
Geais Of calculation, Ye nobige that tke child dees wor, uewalic,. 
merely find the beginning Gf a peromles ond Ghee slug eleng. step by 
evep, to the cénciusion. If the probien is «$ ali dong, we wotice 
that childrea besane worried ané confused, aad although they me, be on 
the "xight track"; we fina thes proviess ara often Peided, ach 


| pecause & mistake hes been wads, tet because the 2136 thinks he scr 


heve made a mistake, or thinks he is uct oc: the right track. 
Consider, now, that the chilé pesicéicaliy er emtiauativy as ex 

extra TEST, asking if his cdicwietion ia eauing aime in a watiefastory 
Weys. Shet ccald this meen? It might mean thet whe chile etten $asbs 
to see hor such cf the calculation he hes perforse?, co ty to soodics 
how soou certein branches. in the process. #112 be seachsd, and So test 
that he has not gone into an endless "locp", Thess would be checks on 
the quality. of performances: Experienced computes nesgremiess. recceaice 
the use of “test” seguents. chien evaluate: the progress of the caleuletion, 
exe. serve to terminats a pethologica: deviation from thir programmer's . 
intention. The child, quite naterelivy porferss. such cheths duiing: 

Ope vay ths progress 3? thg wlgoritis cms: be tested, Ls by & 
viding the teak into ports, This requires thet the child have a , 
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generel £460 of the whole task, from reglaning to end,. and estahiion 
guia idodtevhs go thet he ema telk what part of the process is present. 
Tt other worta. the vhole peanese must have sone over-all peréestual 
ovevatattion, mut formm «@ GESTALT, and mst ve divided.inte parts thet 
som he Gietiadtetsa, Such orgteisetion is stronely rextniscent of -- 
¥Yortheieur's griceipices of araping, flieetrated in so-many elementary 
Parwholesy text bouk# By dlastams suth a the Peldewings - 

So 62 GB o% Be 
ix walth the cleeles exoun 2ate poles, them peusiedey, 2 Jong task 


wight be divided ts, Semmecediy tnd on the basis ef chesacteriaties of 


tee ditustices, Dube sepuanta, tad this division mignt ba » coxsiderable 
hkte Ga cietvel wad test Of the elgeritim: <« — - 
" "" Beetentiw, the chibe cuqaires (1) the shility to compraisdd the 
groiiie a¢ a wholenotlie, eh deest, Yequives thet tte bomeGarles of the 
avobian, ob Vale 16 euven othe’ aetivithes, uo wlesrly Geariuineted. 
{2 te eine sssettiel thas’ the cvild we abEw te disexinlante if Ie 
geoceduived have ied him inte behevicr thes emm have no beardag on the 
probiex, : ; 

<2) Tae child veauires some furthel’ dlecrimizations netwen porte 
of thd whgGelttin.  Ditields oP the Visual Cigure tate yates. 2 
‘do “es: & oe 7, Gepadis Used dteerlviinetsed betwees the parte oa the 
Werte of thebb Redativac” Andther Bestia Gor erouping fe the shape of 
Cie paste ee Lethe gooipadtiguel ty Sucke stauctane 
Sy Segietisd py ale crbulashiss Sitwecd Send wee ee, 
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ia oiiing «& colewn of Sedigit aumvers, the child war severate the 
prosess. inte five parts, one for each colwm,. This requires dlaseinio 
ustien by nesition, end grouping together the numbers in the first 
eqlums fraa the nuxbers in Ghe second column, Cte, Tae child's location 
within. the progrem as @ vhole is meagured fren right to left, vaeress 
b§a’ loextion within @ pert ig measured fron top to bottom, Using such 
cues, the child cen always know where ke is and how rapidly he is pro- 
grossing, oné cen compare hia present with hiv part lecatien 20 as to 
of addition may wall, be beyond the capacity of a normal child. 

Clearly, thic theery implies the exiatence of a hierarchy of 
dlacrininations--at the top, discrimination of types of problems, and 
st the bottom, Mecrininations of particular nuubers, etc. Withia the 
present theoretical structurc, however, this hierarchy of discriminations 
end concepts ie given special end particular meaning, and through use 
of Diseriminution learning Thoory., particular quantitative predictions 
become pssedble. 4 og 
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The studies, reyorted.are ettenpts to Jearn-the inner arrangement 
of Aging sathepstics. In the view. adoped, mathematics is (in part) e 
uathes. of solving problems, Nany problems. are.golved by e sequence of 
steps performed. 98.08, RELA Ae. The. processes studies v-xe (a) counting 
or enymershing sata, (b) qimplitying complex logical statementa, 


aoe 


(p) addins. Janes mwthera,. ond (4) mpltdplyings. a 


In each study we used subjects whc were sble to do the component 
tacks quite well, and who had at least en adequate. ability at the whole 
process. Our aim was to study the responce tine of these tasks, and 
atteupt te determine what consumes the time, in addition, we planned 
to aualyze any errors that night occur, attempting to determine their 
source: and thereby further identify the sources of difficulty in the 
tasks. 

The vasic expeximentel design was very simple. A variety of tasks 
was cmstructed, within each experiment, 8d: dssigned that different 
discrixinations, slightly different steps: of algorithm, or slightly 
different. over-all plans would be appropriate. . In addition, of course, 
the ‘particuler materials used andthe ensver were varied from probiea 
to provlem inthe set. ‘Ther children or college students were tested 
on the-whole set. Where possible, adequate wars-up and pretraining 
were given so that. there was little trend over triels, and ‘the order 
of dtffereit types of ‘problems wes counterbalenced, in an attempt to 
ninimize ‘systemstic effects ‘either learning or fatigues Since each. 
‘gubject was. tested on #21 conditions within ca erpertnents differences 
Gyeerved could not be attributed to differences’ in ebility. 

_. & tést'session would ‘go through a complete set of meteriais, all 
of which require the same operation (e.g., enuneration, addition, 
multiplication, etc.) College students were tested in the fashicn 
usually employed in psychological laboratories, being instructed end 
pretrained, then tested in ome or more sessions ef about 20 minutes. 
Children were treated with more care=--a prelininary period was devoted 
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to establishing repport, and the child's attention wes cought before 
each display. Each decision was made in an attempt te have a well~ 


motivated eubject, ready for the particular problem, rerform et his 


wuwwy evrvry So 


fie 


best in rapid caleutetion, 

——e is 2 reason to question the use of speed es @ measure of 
calculation performance, since of course speed ie 1e38 inportent than 
accuracy, and sheer success. Hovever, etven enple time college students 
and many children cen perform with high accuracy, What bt do, often 
enough, is repeet a calouletion over and “check” the ansver, Repetitdons 
are an important part of realelife caleuletions, but it seems to us 
ag repetition a8 a separate Process and should be studied by itself. 
By imposing @ time pressure, we probably ones most subjects to al 
the problem once only. Since errors were Antrequent, we meed some | 
other measure of the dreiculty of 2 problem, end the tine consumed to 
calewlate @ correct ansver scems satisfactory. Granted that a subject 
can adjust his speed, trading quickness for accuracy, but he presumebly 
Goes not make thin edjustment separately on problems of slightly 
different structure, Therefore, whetever his compromise between speed 
end aaxe may be, we should expect either more errors or mere time, 


prebedly both, on difficult than on easy problems. 
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‘Hathensticalily, the eoeeeee or wiiaeeatioe Zs fundamentai to 
arithietic. Psysholieieally, it is « scasori=nster ‘chain controlicd 
et dvely stage by & shifting perceptual organization.’ Bounsration 
requires a chent (ONE, TWO, THNEB, ..5), a shivting indieatée response 
(Pointing), and a perceptial stewing of cbsects into those alreaiy 
estnted and those st4li chead. The arvatiguient of the objects has; 
theoretically, ax imporient effect on the sect end acdutacy of 
enumration., Further apalyeis shows that the sexiaf chain of behavior, 
vequired 26x counting a fairly lerge set of Objects, imat be divided 
into parts, end the cdjéicts grouped inte correspandiney subtets. Three 
expetinests show the relationship between dtrengenent of objects and 
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Tas Process of Enumeretion 
Marvy Beckvith and Frenk Restle 
Indiana University 1 


At the foundation of eppiied arithmetic lies the ability to 
enuzerste sets. A bosie procedure in eounting is to chant the numerals 
"ORB, INO, THREE ...", at each word pointing to one of the objects in 
the set ta be caomted. The chain ef indicator responses is often 
generated free @ basic respousé like poluting, by @ modification like 
moving % the right. Then, if i is the indicator response and T is 
its ¢reneformaticn te get to the next object, the responses ere I , 
{I} , SE T)},e0e, PZ). The tudicator responses. must touch every 
ebfect ones snd atep when eli the objects have been counted. This 
Laguares perceptual ecatrel, a sliding discrimination between the =3% 
sesmted,, (C) . and the set as yet uncounted, (U) . as objects are 
shifted fras © to U it is seen that at zay staye ny, C,,,C,:s 
vheress U,—U, . The sequence of sets constitutes « linear array, 
(Restin, 17502, 1961), is ordered, and yrovides a baiis for simple 
massuy cient of distance. Finally, the end of the prevess of enumeration 
mist be recogsized, usually by the emptiness of U. We shail refer 
to the above process as "simple enumeration”. 

Young chiléren.may. fail to produce-the chant. corrartay, but older 
avbjects presuisbiy hevs difficulty wainly in the sensorieneasjor aomponsnts 
of ‘countéut.. Soa of the facters: in sersori-notor contm2-af eaunting 
ave acen wien the expsrisionte? varies the. errangssent. of ‘the abjosis. 
to bs counted. In simple enumeration, if the objects lie in 2 straigns 
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Line, then the erenetoeetson ict z the pointing response T is merely a 
move +0 (sey) the right, and the diecrinination vetween S and U cas 
be made relative to the location of the finger. If the objects are in 
a circle, the transformation may again be a simple shifts in the clock= 
wise direction, but the ‘discrimination betveen S and U becomes sore 
atfsroukt as the subject approaches the origin of his counting. This 
may panel to-@ errors, end perhaps to long delays if the stbject starts 
over. When the abjects to be counted ave all alike, the cireuler 
arrengement should be very aieticult, though the 3 eeetont iine is nc 
affected, If the Objrcts differ among themselves, say in shape, then 
the circular arrangement should become easier, With a rectanguicr 
arrangement, agein there is a simple path, aud there should be no 
difficulty with the stopping Tule. in <“—_ enuneretion, the recten= 
guier arrangenent bas no pave atventeges over ghe straigat line, ane 
since at provides some optional paths, may even antromes TALEPR 
Finally, the objects: may be serambicd ~ eyproxinately equally spaced 
put ta ne particular pattern. This foress the ‘aubject $0 devise a path 
through the ast; he must use & complex sequence ef tenstornations or 
the seat cater responses ani since no olngis cue distingsishes elezents 
of ¢ fron vs the subjest mast construct end remenver cuss ag he 
gues along, a 

‘Simple ‘Geumeretion ia ROW ‘a complete psyehciogtest agi of 
the prceeas rs enoneretion, ‘because at takes no Aeipeis of tae Pact 
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tant casonbites st dinczete chgectis & are perceived in groups. Gf 
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our experiments permit veriction of proximity, similerity, a4 good 
eontinuetion, he subjecte prasuusbly perceive the 21214 of easects 
«8g ergeniees inte grou. A neural gueation is whether these groupings 
heave exy function in couting. 
Beumerating as meg as sixteen cbgects is @ leag serial tazk, end 
the subject Bey organize She segments inte es convenient uusder of | 
smalier eubtaske. EF 80, ‘hen it is necsssary to grcup onjects cone | 


veutently to pomiit rapid and accurate countings for example, if suce 


Sects need to group shjects, the reetenguler exvangenent 
tently better then the straight Mine. 
History of the Protien 

Although sountiug is beaic te applied aciaaite, there is little 
iiteraturs of experisenial studies dealing with counting. Many studies 
nave dealt with the ixmediate epprehension of aumber, & process supposed 
not to bs wsdiated by steps, but to occur instantly. Freeman (1922) 
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aet the apen-cf-epprehension of circles of Light at five for edults 
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and four for chiicren over eignut years; younger chiléren were untestshie. 
Fernverger (1921) used randon arrengenent® of four to fitelve dots, and 
fond that the reiative Frequencies of corres’ responses nate s cone 
tinuous ogival function of number of dots shom. Correct dudgnests 

wore made fifty percent of the time, (Fernberaer's meesure “of. visuel 
discrimination), in the renge from six to O eleven dots. Hunter and 
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Bigier (1950) varied intensity ‘ead duration of presentation of dots 


Met 


and found that the, usual Visual lews applied, 
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One approach ¢o the apan-~of=apprehension idee is as detection of 
@ number of targets (Schiosberg, 1948; Casperson and Schlosberg, 19503 
Restio, Rae, and Kiesler, 1962), This approach deals mainly with vere 
csption of a number of dots under short exposures or poor illuuination, 
but may undermine “he concept of « "nagic number", 

Warren (1897) arranged white squares ina vertical line em @ black 
background and measured the time taken to count then and concluded thst 
four was the Lindt of perceptual combine: Bourdon (1908) aaao used 
the mathod of reaction time, and found e smell | increase in time es 8 
Ametion of number of dots to be acunted. He judged that seven was 
ths linit of the nunber that could be accurately ascertained at ono 
glance. Saltzman and Garner, (1948) used concentric rings as targets 
and decided that the method of reaction tine was useful for the sa 
of perception of number. 

You Szeliski (1924) found that flelds of up to six acts or p tigures 
could be perceived withous eye povens: : Jensen, Reese, and Reese (2950) 
used fields of up to 49 Got GCtHt , end found thet errors appeared firet in 
eleven fot Siclds and becme more frequent in larger fielas, After six 
dots, the haaaae of resstion tine e eentnst nunber of dots becones mor. 
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From this, Jensea, 4 Resse, ‘end ‘Reese concluded that ‘the sunjects subitize 


" to tive or ‘six dots. 
teres oe hi) atudtod Sutgnente or aumerousness ) (thought of as a 


ees “ac 


stimulus ‘variable like | outoess) ° and velsered tant ‘tito nechenians were 
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snveived, one wed for » to seven a dots, the other tor larger ‘stedta. 
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Be found thet judged mumerousness was decreased if the dots were arranged 
into a single figure, for exemple, a circle, Kaufman, lord, Reese, ead 
Velkmen {1949} also suggested two separate discriminatory mechanisms; 
one acting for up te six dots, the other for ierger collections. 

‘All of these studies concentrate upon rapid apprehension or judg- 
ment of number, and arg cast in.a theoretica} framework drawn. fron 
pexception, uch effort hac gone.inte determining the -nuaber of things 
thet can be apprehended at « single glance, even though civilized adults 
do not count at a glence nor do civilized chiiéres. 

In summary, tvo main methods of studying enumeratica are the 
techistoscopic, in which a displey is briefly displayed and judged, and 
the reaction-time experiment, in which the material is displeyed con= 
tinuously but the subject responds az quickly ec possible. Both methods 
ere perceptual), in character, though the reaction-tine method permits 
some more camlex methods of enuneration to occur, The sain quosticn 
Ras PeGR, whet 18 the maximum number of dots that can be perceived e% 

e gimes. This number has bees estimated from about four to seven, 
ané clearly depends upon the aubjects and. the display uricd. 

It ig anegine that althougp <veryone Incws that objects are 
enunerated by counting, sost studies of enyueration.or the judgrent or 
number have attexpted to rule cut. counting and ensure thet oniy the . 
primitive wethod of guessing is employed, Classical psychological - 
theory aesumes thet perception is .0 hesic.end simple process froa-whi ch 
other, more.complex cognitions. are te be-derived; furthermore, the task 
of experimental psychology is to snalyze compound experiences into thelr 
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elenents. Follewing shee tenets, the process of counting ig reduced 
to its elements, "perception" of nmbers and no ettort is expended an 
eyntheaizing the process of counting. 

The , experinents reported below have a different concept of 
enumeration. First, we assune that enunertion is 4 compecnd task, 
but that the true and Anterenting etracwure of the task ds found not 
by caniysis into bits, but by dcternining how te perts go wegen 
Second, we assune that perception of smal} ausbero aay be 8 ek211 
devenoysd wy adults, a . sort of short-cut to comtints rather than az 
elexentary mented event. Turoughout, we ene2 - wse the react onetime 
method. the subject is instructed ts anmerate as quickiy as possible. 


- Experiments 4 snd It 


Method 
Sub est3? tse firet of these experinests. ‘used sighteen atudents 
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in ae ungraded eles in the sumer of i96h, rt) ways and 8 girls, 


reusing in oe fron 133 to 9=10¢ The ‘second experinent weed 2) solless 


students. ages | -225 arom trea the clenentary sayehology  Sourse at 
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Apparatus ga. pronsdure: Te ‘stimulus carts were 8 1/2 by LL inch 
sneste | ot e witte paper 2 ea ee cnjecte * to be conte were outline § in 
fre te expertoeaters 2 ie a ote usined ‘eloasecn, wa was 
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Zech sare Was presented fiet on the re ziret e324, elded with os 
eluaderus ‘pened ¢ Cu & handle which wae raised at ead trian te dopey 
the cord vhdle sim tanewusty & stancard uae was engaged, Raspeage 
ene latency of response were recorded. Bach chi as attention wes 
atsreaied before each trial, Tine wes spent gaining the attention end 
cooporation of eack child, white accnawbat nore format Susteacttous werd 
given ‘to the eollege students. 

Ersoringy mtal Be Pesigns Sach subject counted the objects « ca forty 
stimius ‘cards which were presented in a && tterent andes order for 
each subject. Bight of thase were filers inverted t4 veke the 
peated eupserance of eartaia . nuthers less cov C43 « 

Virlesbles vere | 

a) muubar of objects “6 be counted 
‘b) Serengement ef dhjects; line, etrele, restineiv, sqranbled 

a) ali objects. the sane ‘shape Sr eiffexest sinayes. 

Beews2 ‘ef the rectenguler arrugenents , muvhers with re =—* equal 
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faetoze were ¢ employed o ‘BR, 35, 16, and 3 ¢ Filter cards baa 5. 9, 10, 


iL, 335 ‘th, or i? cbjecta. Objects were spaced about ue tach apart, 
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with the straight line being herteonta® end the rectengles being 35 
sed Tah, ‘and 63 “Geta on 8 card were setter ail the 2 seme shape or 
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design, rapltcated toes per subject. 
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Resulte: Most children employed pointing and chanting, though 
sce counted silent2y end sometines without pointing, while college 


students combed eflently 


; Oneasionaliy pointing. All children counted 
all displays making 106 exrors out of 576 counts ~ 18.3% percent error’, 
with a mem time of .60 seconds ‘per object. The college students 
averaged .30 seconds per cbject, ané miade only 11.6 percent -errors. 

Larger sets of ddjécts took longer to count for Soth groups. 
Linvar equetions fit goth sets of data well, being % = 0,75(Ne3) ‘Exe 
the children and © = 0.35(N-2) Yor the college students, where % is 
@ mean reaction time in seconds end N is the numbar of objects to he 
counted, Sineé ac-measurenents were taken with smali. numbers ef 
objects. we heve no reason to believe the otrateht line usy be extra- 
polated hack without curving, ~ (See Jensen, a%- als, 2950) 

S Qbjeck axvarigenent inflierices soth groups’ response: Jetencies, 
with the cniidren coumting the rectasguler array most rapidly, then 
the line; the circle, end te scraubied exrengenent, in that. ores. 
fhe proportions of errora for the-ch$idren were: rochengle, «OOT; Line, 
lhe dhtele, «215; and sevatible, 326, thus showing the sereabled 
arretigement most GitFicnit both in tine end erroree « Fow. caliese 
students, there:veiy Little Giffevence: betweon Mine, cdreley and 
-yoranbie, tut: the vectanguler array was much fester. 

Disqusnhoad The resales seen.te shaw a difference.detwoan chi ld~ 
pantie eid Collage wtetentat uel" of epabiel errangeient. °Chbldsen may 
“idge-Gnatied eMvtipemant Uo-gel a wimple orderhtly af. the. stimuli, while 7 
“@gbleee PuREEES sees te wake special vse of. the vavhoaguelar array, 2 
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presumebly by using multiplicetion. The children mey not mzltiply 
fester than they enmmerate or they msy not heve yet learned to apply 


tha ann ners: a? multiniicatscn +5 this ettuadt 4 am 
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When they cannot multiply, college students und perheps children 
my divide the eet of objects, possibly by perceptual principles of 
ercuping, tate sualler subsets, enumerate the subsets, thin add the 
nuxhers, Sets of up to five or six may be subitized by skilled adult 
subjects. Celcuistion apeed should devend dyen cenventence of grouping, 
enumerstion, and addition, Rectanguler arrays enforze &@ convenient 


subdivieion which permits ‘sevéral simultensous enwiieretions. 
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Indeed, both groups eoasistently count the rectangular array rapidly, 
but for the college students the array of ciztcen objects is especially 
fast. ‘This array wes ixh ond previous Informal chservatiens neve 
shom that older children, end presumably GéLlege studsate ate faxter 
at squaring then et other sottipiieations, Sets of sixteen are not 
counted untaually repidhy dn other arrengements, or in any arrengenent 
oy young end ldren, so: there is reason to belleva that the edvantage 
Lies an maltsplication, 
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__ at. BBY, G19. be nottond ¢ thet a arrays are gounted. nore 
saptay , Seca Bhe Sb Aoete axe the BEE y 9. Wngrees with siroular ang 
linear acriiawasats, counting is fantex with different objects. Rete 


tansular exrangoment enforces 6 clear grouping on the set; differentiation 


by 


of figures only competes with this grouping. Spatial grouping is more 
difficult with. stratght lines snd circles, and subjects mey use diss 
similarities among figures to ees the: necessary groupings. 


Experinent iI 

In the first ie cxperinenta,oaly poettica and shape of 1 the ob« 
jects were varied. In ‘the thira ‘exporinent, color variation is =e 
used sO as to establish alterative perceptual “groupings. . 

Te general design of this experiment 48 vased ‘upon ihorass a oeeree 
of additivity of cues in cutsleaming ‘(Bourne and Restle, 13595 Rower 
and Trebess0, 1964s Rest: le, 1955, 19598, 19625 Trabsss0, 1960, 1963). | 
In such experiments several problems are “constructed using two or more 
Gimensions. one group me learn to classify ‘ravings based on their 
shepe, disregarding color, mother group nay canesi ty dravings using 
color, ‘dleregarding shape. a third group learns a classi flestion in 


vhich color ona shape are redundant, vaten is easter than | the other 


sie rt 


two (aaaitivity of cues) ° Several mothenstical motels of cue learning 
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hae given quanti tetive preaietions of learning speed bese on ‘the 


nusber of redundant relevent cues » the nusber of Arrelevant « cues, ane. 
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the weights and strengths of such cues. 
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 Sebjects: Bh college: students, aged: between: a7 -andv20,; from an . 
introductory. psychology Clésay. wo we Syren aha, hy ot 
. » Appseatus snd. Pronedure? These were Ldentical with Experiment:I, 
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. Meteriels and Design: Thirty displeys, each consisting of & cole 
ieebior of shapes cut fron construction paper and pasted te 8 1/2 x 13 
sheets of white paper. The shapes were four colors; brick red, Air 
Force blue, dight blucegreen, and light violet, ‘They were four shapes; 
eirele, savers, triangle, and parvrallelogran. Test items had 12, 15, 16, 
17, and .3 figuras, and five filler presentations. In Condition 1, 
Color and Shape, the four colors and shapes were segregated, so that one 
section of the figure vas all blue squares, for example, another part 
wed circle, etc. In Condition 2, Color, the four colors were segregated 
but the shapes were scattered randomly over the field. In Condition 3, 
Shape, the four shapes were segregated but. the colors were scattered 
randomly over the field. In Condition h,. Avbiguous, both the four colors 
end the four shapes were segregated, but differently, so that the four 
circles wight be helf baue and half red., and of the three triangles, 
two might be red, end one violet, etc, In Condition 5, Random, both 
color and shape were scattered independeatly and randomly over the field. 

thesis; If rapid counting, in the college student, depends 
upon grouping the field of objects, then Condition 1, having a strong 
peresptual orgenization sased on color. and shepe showld be counted most 
vapldiy. Conditions 2 end 3, heving color and shape arrangements 
respectively, should provide estimates of the relative grouping value 
of the two dimensicas, Conditien 4 gives the aubject two conflicting 
modes of organization. If one mode is much stronger than the other, 
the condition should be about as fast as the copdition employing only 
the strong variesie, Reorly squei verLebles pight lead to instability 
er grouping, perhaps forcing the subject to start over in his counting. 
Condition %, having ne principle of grouping avaliable, should lesd to 
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counting rates close to those observed in Experiment II, scrambled 
arrangencite for college students. 

Results: Time to count was e linear function of total nusiber of 
Objects. The results here are very close to those obteined with coilege 
students for the scrambled condition in Experiment II, ‘hie indZcates 
thai the general findings are probably quite stable with successive 
samples from this pool of subjects. 
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As predicted, the Color & Shape condition is counted fastest. 
Condition 2, Color culy, is almost as fast, and Condition 3, Shape, is 
slower, sc it appears that color is 6 nich more effective dimension 
than — in this experiment. This agrees with many experimental 
studies comparing the two variables . verled approximately as in this 
experiment. | 

In these data, sHepe segregetion has littie advantage over random, 
Condition 5. Therefore, it is predictable that the ambiguous condition, 
having one strong (color) and one very week (shape) organizing variable 
in competition, vould be alnost 88 fast as color alone, Notice that 
it is faster than shape (Condition 3) oF randon (Condition 5), though 
6 gmail effect of shape is some = the fact that Condition 4 is siewer 
than Conditions 7 or 2. : 

fin asic of variance shoved that both the number ba oojects 


and the five conditions pectinge significant , (P<,02) : effects on 
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speed of cownting. These resuite eateblish thet rapid counting depends 
upon grouping the materiel 4ute subgroups, It is probabie thet she 
aubjecte segregated the whole display into volor groups *supitiges” 
the nunber in cach gorup, end then added these numbers ¢o obtain the 
result, ‘Then Ao such grouping was poseibie, the subject wes forced tC 
rely 4 & relativaly &ifPiewlt and subiguceus exouping by position, cr 
to eount one by ase 

- Digevesion: The exparinents reported. above shov thes in counting, 
the set of objects iz grovped Jencuduanily, 4n accord with Wertheiner'’s 
sales of prepiuquity, geod continuation, end sintlerity. This grouping 
then serves a8 & support cr basis for counting, in thet the subject 
performs his counting operation within graups, and then in some feshion 
connects the various partial counts. One hypothesis is thet college 
students subltize within each group, that is, determine the number by 


a gowewhat mysterious but very rapid end accurate "nerceptual” nethod. 
The subgect might collect such numbers end add them at the end, or 
might subitize each group end add the result to © ruming total. 

The fect that fairly young children show great sensitivity to the 
organization of tue visual field, as shown in Experiuent 1, suggests 
thet grouping may play & more general roie in counting. That is, even 
when a child is enumerating one by one, he mey work repidly end 
routinely within one group, then pause and consolidete or "store" his 
result in same way’, and then attack the next BTOUD. The pausing, cad 
the ability to divide the task into suitebie parte, 43 possibly 4 


generally important part o? a long serial tesk. 
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Experiment IT 
REDUCING COMPLEX LOGIO EXPRESSIONS 


At the foundation of ali toate end mathematics is the simple 
sententiel calculus or logic of propositions. It begins with whole 
sentences, unanalyzed, which may be true or false, and builds and 
sanigens compound sentences, Compound sentences are built from simple 
or atomic ones by use of the connectives AND , OR, NOT, and some 
optional, ones. 

A enaracteristic of sentential logic is that one can construct very 
complex eombinations of true end faise sentences, and then step-by step 
reduce then to atomic forn, either T or F., The process is to find 
the innermost parentheses, and reduce the innermost sentenas using the 
truth tables. . 

Tis procesr wae studiea im Getall. In order to improve the per= 
ceptual situation, we used aot cenventional parentheses, but loops 
advan entirely around the expresaden, forming concentric eggs. Thus, 
findias the innermost parentheses did not require counting perentheses, 
put werely finding the bull's sye. 

Further to wake the problem cron experinenters presented it step- 
byestep, 36 thet substitutions ond siwaye correct substitutions were 
actually made Por the pubjacts. Mean time ner step as a fumetion of 
the ee of the current Ci ophey 4 the s o titubicn te be made, end stage 
ef prastios WOPS measured ¢ te teenawage esuderss in & special sumer 
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METHOD 

Each of two wonen Graduate students in the Department of Psychology 
at. Indiana University served ag experimenters, Subjects were children, 
G=n15 years old, enrolled in a remedial reading program at the University 
School, Bloomington, Indiana. 
Design: Each child was tested on 5. problems, four each of lengths 
1-8 steps. A permutation of the eight lengths was given, then another 
and another until four permutations had been administered, so it is 
netural to divide training into four stages. 

Bach problem consisted of one or more stages. A stage consisted 
of finding the central parentheses in the given display, and noting 
its contents, The contente could be CC, Co, WO, or WoW: or 
cfc, CH, Wet , or WH. The child was then to announce the cor= 
rect substitution, shown to him and availeble on a separate card. The 
corzect substitutions were C for CC SOW, WC, and C8, The 
correct substitution was W for We , C8 , Wee , and Ww, 

An interpretation of the stimuli, to give structure to the expevi- 
ment, is this. Let C te a true sentence, and W 2 false one. 
let ¢ be the connective "orn" . and * be "ANDY . Then the adore 
"“gubstitutions” ere merely the truth teble for these connectives. 

Tne psrticuler substitutions to be made were counterbalanced over 
the lengths ef the stimulus expressions and over stages of practice. 
fo acromplish this, | four Gi fforecé sets of stimili (displays from size 
1 to 8) were prepared. These vere permrted independently for each 


subject, and then the four disferant sets were given in different orders 
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Moreticted” scare. wascaloulated for each size of display. If. there 
ig o& erect of:size of displey, the stained nen latency minus the 
predicted should average ) Saar CaTOe The droagr net of thie celculatica 
eve ghowm in A Figs 3, % Huedee * that | een ‘Latency is sore che predicted 
score when the display is sufféchentis.jesge, cut the «ffact anpeers 
only with displays isxeer then 5. Uatortunstely, since the r.qult 
desenis upon a cimple proyertionald correction fastor, which sey b? 
‘Somat in SFrcr, the gesults cannot be intergrated with contidsnce,. 
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i Unfortunately, because of the design previess, this experinent 
ne given imperfect infomation sbout its main question, the effects of the 
size of the faptey. Bs have only the information that very large die« 
= plays seetl to clov the children down slightly, 

E us spin 4a chuervation, in these deta, is that the subjects aore 
<a . raphy substitute C for CC end CHC then for cow and WC , 
be and 60 forth. The xeneon for this diserepancy is feiriy obvious, if 
- ve esoume thst the children use very simple atrategies to renenber the 
* Gu and Wot eubstitutlons. However, these sinpia strategies are not 
- oezy logtent, —_ systen we ‘wzeG Gia not inelude negation, but it seems 
, ° vitobabte thet our children, using their quick md simple strateny, 

4 vould often mske etpore to sich stimli ss Wi ,wiere ~ is teed ee 
_ e/uegaticn eign. Shet is, waet, we bare leeraed is that if you use only 
: = ¢. aagrersto. end owerpiaplified logic, the child very probably does 

abt aS hosie Gt Gil, but Tinds gone simpler wey to solve your simple 
* pivblens. ‘Such "snort cuts" ere ruled ort in the totel logical or 

i. sathematdedl. systen, but when va pick only a emell part of the syaten 
Zz lor atudy we nccidemtadly may meke other cues selevant, and so heppen to. 
3 make improper strategies dorrect. In this tuporinent, eiy time the 

_ chia nas tro Wa together, he could make the oubetitution W 


Thet ie nok a correct stratesy in a an complete logic wing nesutios, 
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= . Pecpepemoee eteSiing. tg the relatively. anal] effect.of the elem, 

i of thp-Aieplays: We.oxpected.a. daray. and. porerTul effect of sige of 
displeye. wus spperentiy: using "boxer" oz elesed loop parentheses is 
tremendouzly eesisy for the children then the uavel arrexgement. For 
Gexcastration, notice the appearence of the second of the Right-fomponent 
dteplays, written in the usual parenthesis notation. | 

Wal ce (WE (Me (CWC) PC) <W) )°C)) 

Tt seems to the writer that such @ problex.should be treendously 
eifficult for the child-tne innermet parentheses ere not that easy to 
find, However, since no control experiment with eonventional parentheses 
bes been run, we cannot conclude thst the encircling parentheses are 
valueble, We can, however, Gbaervs thet the difficulty of such pro- 

- lems dors not seem to depend strongly on the size of the problem, iz 


- the cacircling parentheses aré used. 


Thie lest point may be of sume convenience and use to the instruc- 
* tor of eleuentary logic, especially waen it is taught in the lower 
grades. The indication is thet children can sapidly learn routine 
sinplifications of very large cupressiona, Tris might turn cut to be 
a usefal way to overcoms the fear of a large symbolic expression tist 
so often appeaxs among college students. 
bynereatiy, & large ancunt of the time in this exporimeat was 
used, not Mnding the center of the display, but looking up the sud= 
: stitutiens, The learning curve shovs the progress of learning o7 the 
txath tzbleeenctice thet prugresa is relatively slow end cae students 
sxe st412 Zaproving sonsiderebly after the first whole sequence, Ix 
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dey gr ck he tse Repeat’ LEE re ieee 
oe _apprEtoa or 7 0 ‘LARGE mmo 
“as fe aii Saran muebers, the aubject mst mdve the the rightmost 
Gigita, 2d4 them, write the zecond itett of the answer. “carry” the 
Vent Cicit, and-mave ome step to the icft. If he hes reached the erd 
of the -nagber:he writes down the number-he has cerried: Otherwize he- 
ie 16. t6:the sun of the two numbers in thet coium. | OM 
ca Phe oN .ceas can be diagramed aa follows: . -: 
| © 70 COLI a ; 
: - (REGHTMOST): 
ADD PHO “(OR MORE) fo - - 
NUIBERS - 
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Tka poycholorieal prasess nay Giveres from thot of the elcoritena 
oF program listed chove, in that the child eeaing a lerge member way 
need to ceganizs the task into parts larger tim particular colums, 
This would be ventnisesut of the findings of Exp. I on ewmting, thet 
& set, to be counted acciirately and fast, must be cansble of being 
orgsnized into parts. 

In the present studies, designed and cerrie? out by Miss Penelope 
Peterson in the sumer of 1065, the task was divided up by inserting a 
eclumn of geros in the problem, Conrider the prebleas 

Sr7o9ho7hO 
+680660550 


avd notice that the zero columns serve 8s reste; they permit the sub- 
ject to write dow the digit being carried, and to begin the next 
colum with nothing carried, 

fhe problem given ebove can be ate an MOYe GENETEL Tews as 


xx0xx0xx0 
_ $xxOrx0acxd 


where x is always a digit greater then sexo; Im the probiess used, 
the two digits above one encther aivays added wp %o more than 10, so 
the! 3 1 is always carried except at GO ant » 

| ‘fhe aim was to determine how the subject worked on such problems; 
measuxing errors uade, where in the algoritim the errcr seemed to ecour, 
aac the time te solution of the problem «=. 3..005 00 oe ox 

- Mere inspection of the digoritin leads:to the supodsition that 

(a) Larger numbers sheuld take Longet; aud the’ time should be 

wnghiy proportional to the Uength of the mumnar-in dette, 
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atateion step os 2256 step, md ne Uiclit to cerry cho next colem, 
Hewe¥ar, Sines sesetaing axst Se sa, Oa sn tho move to 3 set 
eoiumn tc voquired, e: leas... ero-colums should require seme tiea. 

ig aifition, our ideas about orgentescion ? the task would suggest 
that increductng nero cotums wient mss oniy reduce the average pex 
fosmence by Introducing a faster operation, but aight also arsea the ~ 
sthes seluses=-5$ least, = eag unbreken sequence of saiitions witheus 
& vero: cclimn tay Lead to varg-lone deleys and disraptions.- 
ae Method 
3°. Ao@ebas ot 12 probles-structures. vere-zonerated, as follows: 

cho tt va. Rebhe le. Problen Stresetunez 
“¥eobles Mather ‘ Structuss. 
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Heties thet those problees ere of length &, 5, oF 1S. 
end $ give blocks ef four nuxbors seperated by cores. Preaists 2, 3, 
end 19 give biecks ef two numbers so divided. Thoso six probisns con- 
stitute the oreblens that eve divided, by zeros, inte sizes of sub- 
problems that are likely to be moat efficient. Problems 3 and 7 are 
widivided, and probies 8 is divided into tuo blocks of Zength S. 
Finally, 


the end as not to divise the problem into ecaventens pieces. 


Problen 6 has eight nuibers and @ [0 , but the 0 is ao near 
Therefcre, 
it is @ coutrol Zor Group h, chet ela0 has eight numbers ends 0 , but 
is civided in half, Sinileriy, Problem a is a control against §, and 
Problem 12 is & control ageinat 9; in each ease the control has the 
‘ae number of Os and numbers, but the Os ere not placed se as to 
@ivide the problen into equal-sized and convenient parte, 

A écetal of 12 school children, reading problems attending University 
Scheel 1i. Bloontngten, Indiana, were saatote Bix £3 were 2298 16-12, 
and the other six were 13-15. Fach child was tested eeperately ins 
testing cubicks, face to face with E. The sxperimenter showed the 
problem printed large on © ditto paver. and the subject worked Cirectiy 
on thet pecoten., Ting was with « Standard Maer in seconds. 

Each step of the child's work was followed by E , who noted 
weether the child started correctly, added the uunbers, wrote dows the 
unitis digit, catried any value in the tens plate, and then shifted to 
AML eirors vere recorded and located in the algo-: 
cum tted, 


the next colum, 


rithmic stheme:4f possibis, at the time hay wexe 
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Tho tuolve preplen-typos were given in a datinesquere order, C25 


ort? 6 cctn of the 12 subjiccts. 
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_ Badie 2 shows the problems, the neen time to solution of cach type 
or problan, end the mesn errors, both for yamger (20212) and olfcr 
(23-25) ehildven. Ia order to make tha rejeticuships easier to see, 
ina tine to complete each problem has been divided by the aunmber 
of colums dn the problem, since each solum of the addition probien is 
@ single cyele through the algoritha. ‘hus, if all probless were 
equally aiteicatt exept for their lengths, end tine aud error were 
thevefore proportional to length of the problem, #12 values in the table 
would ba equal. | 
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Mean Time Per Colum, and Mean Hrrors Per Colum 


ete cil re 


aoanran ae 
- oe Bee 


ee eS 


72 


Pras Tedle 2 ve gee thet, in general, the younge? Guizdren appear 
to beve sham the effocts of grouping end the older children aid net. 

Consider the follewing control pairs. Problems 4h end 6 haves the 
sime dietribution, § numbers and a singis 0. Prebleu 4 is divided in 
naif, Problen 6 ig cut ueer the end, For the younger children, the 
tween times axe 9.6 end 16.5, in favor of the better division, The 
pider children gave meen times of 4.1 versus 4.1, no difference. 

Problem @ gives 19 numbers divided by « single zerc in the middle, . 
Problem 21 has its simeie zero near the end. Mean times for younger 
children vere 10.1 versus 11.2. The older children show tines 4.7 
versus 4.6, a slight advantage for the less-well~orgenizod presiems 

Problems $ and 12 have three 08 in 19 colums, dividing into 
plocks of four numbers or clustered near the ends, The younger child- 
ven show times of 9.3 verous 9.8 whereas ths older chiliren show means 
of 4.3 for both problens. 

Thus, im all three cases, the yomger chilaren do the more evenjy 
Gvidea proolem in fron 5 to 10 percent less time, wiereas the colder 
chhldra, show no alfference as grest as 2 percent between comparable 
exporinenta?. and contro. proolers. 

However. the masn tins per colum dees not vary over a very wide 
rene as cno gees Gown the columns, end this shows thet the meen time 
$0 solve such an addition probie: is roughly proportional to the mmber 
of steps im the problun. 

tn Experiment I om counting, we found that larger sas@dlies took 
move time per item is tive yrocess of enumeration. Tho same thing 
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heyened in Expericent [II on edditien, fer tho naan time per tolum 
becomes higher with more celums. The enly uncontexineted cauparisan 


is betrees problems with no cero colums. Ths results ere shows ir 
Fic. 1. 
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‘As more Zeros ere introduced into a problen, the tine shortens 
as & lineay ‘furnchion of the number of seros, Tunis relationship is 


shom in Pig. 2. 
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denerally sreeking, this means . that the titie taken to ‘add, two 
jarge nuubers ‘4. sagt raghig-proyertional to the number of digits involved, 
excest thet, the gubject is slightly slower with larger numbers. Zere 
colums speed the prosess, teking only about 1.2 sec. per colum, a2 
compared with hha nusber peirs that consume about 4.6 sec./coium, 
for older cht Sten, For the older children, 3% does not matter whore 
the zeros ave but. 


The younger cht area chev a | souevinet different pattern, As mnen~ 


tioned above, dividing the perbien into aus hees of tre or four 


oe Ss ey . 


ae, 


colums separated ‘by neron, soon to haty the younger children. As is 
seen in Neure 3, younger shdidven also ai seddacrens © in tine almost 
proportional to the length of the problem, with @ slight slowing cf th 
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° oiumher cf corsa 
Yer exaumlo, cue cero in.the second colum from the right ectually 
siGve. the longer seovences down, being worse than whole solid probien 


of-nashers, Whea the problem ic of length 9, xcocods base mean of 


3Oe5S: wherces. ssormmex hes a mesn time of enly 9.0. Similarly . 
say ccuccaxxx0x hos 2 bean of 11.2, xxxxucexxexxtervexcx has a mean of 


only 102%. The Aiserespancies ate small but in en mnexpected Girection. 
_.. hese Laaited data sugcest that. the younger children, l0-se years 
of age, ava mach gore sensitive to the presents of zero columns then eze 
the older childrens If ths zevos are ao located ae 40 divide up the 
long prebien nto small equal subsequences, then they have. © Sevorable 
. Ifthe ceros are asymmetrically located. it is as if they 
prea up the "set ox shythm ef the subject, oi) actusliy slew hin - 


ect 
owns ‘The younger children, teing sozewnel. Lesu experiencad “i calen~ 


nor, 


iesion en such lous problexc,. may set up a temporary ast Of cerring 


oneny. end aay he disrupted py accasionel and otnexiiag, usetens 
rapiens of this repetitivs task. 
In Table 2 it will de noticed that the tote error dete are not 
very 4iffexent in the (wo arcu: | One rather striking findine is thet 
Serene OS 
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Qxew.coletively large numbers of -orrora fro csks Yeung aublectits . 
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2% is pessible thas the subjects meka errors ly felling to carry 
@ one from the pravieue columm, Tis parbiceler errer can eacily be 
identified, fr 1% occurs only in colwms thet are net et the rigut 
edge of the problem end, do xed: bare & zero colum, to the right, (for 
they have no digit to carry), ang should aiwaya be errore in which the 
answer given is one too smell, since the number to be carried, in adding 
two numbera es consyructed here, is always. one. . 

Totaling the date for all i2 subjects, there ara e total ox 1522 
inategces tm which a one is carried. In 40, or .0254 of these cases, 
the gnawer was 00. iow by 1: There were 36% cagcs. in which there was 
no 3. to carry, end of: these 9 , ox .023%, were too lorby 2. The 
differeace in proportion is only 003 , and appears negligible. 


Furthernore, when there ids. 8 omn to carry, theve were a total: of 8. 
. exrors, of which: 40 ox .50 were errora-too. iow by Me. In the 


cages in wh&ta these was no nucher to carry, only 15 errors were mau, 
of whieh 9 of .60. were enawers too low by one. Thus, the particular 
error thet would be symptomatic of felling to carry « digit, elying a 
enewer too Low by. cue, is actually slightly more commen when there is 
na, Beit GP Carry. 
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.., ¥eom the. above enalyses, we eynclude thet: adding two large nembers 


by. nand is:a step-lee procies, ceking epproxiastaly 4 seconds per 
colum:; for older children. 12-14 and shout. .10. seconds for youager ’ 


childrens WeJ2 yeurs of ages’: Zora polvmsare. relatively fast for 
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the older children, taking only 1.2 see, Zero columns serve +o break 
tip the loug proviem for the younger children. this helps if the icug 
grdbiem {so chopped ints equal-siced parts, end “inders if the sero 
coli is near the right (beginning of the grdblem) in which case it 
apparently disvupte & set. There is xo tendency for the subjects to 
ex? cdauistently by forgetting to carry the ones. 

/ Appeatently, this teak, waich is faniiiar for the younger children 
‘anQ very etsy for ‘the older ones, sitws & late stage in the evolution 
cf a serial cr algorithmic skill. ‘The younger children cannot carry 
the ioug sequential took out very efficlentiy wierss 4t is divided into 
segments. However, they also make some use of & temporary "mental set" 
and apparently “carry one" efficiently if that is required all across 
the problem. Thus, we may envisage the younger children treating such 
& problen as & whole, with thé various steps strongly interrelated and 
either orgenized or honogenized. 

The older chijiren, for whom this is an easy and routine task, 
apparently hendic it much less as en integrated task. That is, they 
add even very large numbers and are hardly slowed down by having ®& 
19-digit number to work with. Dividing such a task up with zeros has 
no particular orgenizing effect, for the distxibution of zeros makes 
no difference to such older children. Since the zeros enchle the 
subject to leave out part of a step, seros speed up the problem by 
tekinug less tine, and heve no other detec: chic effect. 

In the usuel gsychological Reaguase, it would appear "echanical” 
or "non-intuitive" to handle ths problem as the older children do, 
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neither organizing nor taking advantage of Hpecial, repetitive patterns. , 
the very considerable speed adventeze of the older children belies such 

8 ecnclusion. Furthermore, it mst ve resiized thet there is net, in 

artthnetic in general, any pattern to the agits that mst be vided, . 


the "pattern? ‘o equal spacing of ne08 ste, is purely accidentel and 
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Thus we aunt not ve too hasty in es esigaing C7 4 positive value ts 
orgint sing processes, ‘In ‘the present experiment, children 10032 a“ 
"orgmnizad" tnfora: zien tae is net eraerelly wefal in aadttion, end 
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Experizient IV 


PREPARATORY SEP ti} BSUELPLYING 
There is a story told about an enetent eaiversty ty in Germany, back 
when it was young end mw as an American State University. It is said 
that a successful, purgher visited the professor of methenats cs at this 
German University asking advice in the education of his oldest sen, 
whose talents the father wished % So advence., He inquired whether it 
yould be pabipeecycry for. his boy to study at the Germaa university , 


or whether he must be sent ali the way to Tealy. The nrofessor is 


_ 


supposed to have replied, "Tf it will be enough thet he be able to edd 
end subtract, then your son will be aclces ned well encigh in Gernany== 
but if he must slso multiply and divide, then I fear he must Pe sent to 
study in Italy." . | 

Whether this story is true or AEs it illustrates tie inherent 
GLfficulty of multiplying and dividing, 88 compared to eidition. In 
public schools for some time, the mst powerful weapon employed an 
teaching children to multaply kas en the “multiplication tebie™, 
nenorised 04. performed with reeasunabie speed end skill by many ; ie 
not ali, children. 

A few years after this training She sane chi 1d is in college, end 
4$ esked a simple problem like “What ig 6 x bY wild give the snswer 
faiety qutchiy, and will probably be correct. if asked how he =aoms 


ad enswer , the student replies that he just remenbors: it. Most ox 


our saiieas .tudents perform the multiplication table as 6 well~practiced 
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skill, end one night es voll axk then hey thoy walk co hey they 
maitiply—the two chilis arc almost equally usconseleus. 

‘Hovever, any skill rust heave some limitations that may tei us 
something ebout fts stwacture, If che colleze student kas wemorized 
the tultiplication teble and performe such tesks from mesoxy, then ve 
should determine the function of memory @ vell as possibie. What, 
exactiy, is ratisubered, now is it locked up, what errers are possible, 
en@ what ig the proesdure of search of madory (if search is necessary)? 

Tt i6 natvural to emtracst semenbering with caloxiesiss, Zs the 
psychologiesl Litersture there ic a dichotoxy between thinking and 
nemort, betvcen metovizing aud organizing, between productive asd 
reproductive thinking. The sibject who says he sevely vemeubers the 
enewer is also saying that he does not perform any conscious calculstion. 

Yovever, reenber thet in the miitiplicction tables i--9 , there 
ave @ totat of G1 answers, not ell different, reigizug fran 4 to 81. 
fa the nate of the multiplication tcbic suggests, the Pactors and proe 
Gaxts con be arranged in a cauare teble. When a subjects “remexvers" 
cue of these 2tase, 4t is nabural to think of him es Jocking it wv in 
g teble fnsertved in bis memory. If thet is true, than he actually may 
engses (2 woxe sost of search, and as a result may be faster in arriving 
at soma mroducts then others, Under time pressure come subjects will 
make errove-etheir expose should for a pett4rn,y if we déLieve as — 
sceus likely thet ervors are often “near mises” in searching for the 
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OF COLTS, this serch of memory could te thought of «3 a kind of 
: ealovlctien, In the lensusce of computers, the subject mut either 
calculet2 the answer cr, if the answers are located in a teble, be 
‘gust esiteulste the aQdrens of the snswere. ‘In more PRyCHGLGg_cal terms, 
eo may inagins 6.subject.using’a variety of cues and discrimiustions 
td esd hin to the correct memory aid evay from certain possible errors. 
wala camenee of Aactiainations, espectally if they direct a stream 
ef petearior. the. asiniy coms fros the svbfect*s Gm reviceinations 
rathe? than «3 responses to externally»chaaging stimuli, say be celled 
& “ealoulstion”. 
=... Byom tlds it may te conjectured thet the prodess by which a college 
stufiesk moltiniies two numsers is elther e calculation or & process 
emewnat dike a taleutetion, Since tho tesk is skilled we do not 
know what the compénents muy be and mist study thea uy eaperizent. 
Zhe present exveriment studle® $0 college students doing tus 
miltipiieation-téble as repidly ss possidle. The experimenter pre~ 
sented the tvo factors and as soon as possible after the second wes 
nvscented (verbally), the subject gsve the product verbaiiye Differ~ 
ences tetyeen different problems in tizs to ansver, and 2n acsuracy, 
may help us understend the structure of the skill, 
However, if we think of sultiplying as a search process, then it 
is apparent thet the speed of completing a givin search depends not 
. only.on where the susvet is, but also on vhere the seaasher starts. 
If the prébien fe Sx 7 and the subject has started a earch et 
2x2 it may tase him a long while to arrive at the aolution. if, 
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ca the other hend, tho subject bogen nis search et 9x9 then he ye 
way goon arrive at 8x7. . : 
Therefore, to wunderstend the search process we must attempt to | 
_atact the subject et Gifferent points, aid aise give a Variety of proe 
blema, and see if the subject's times and errors reveal anything shout 
the path tcken between the two points. Of course, this theory is 
mainly metephorical, but it does sugesst thet we wisn to vary not only 
the preblen, but also the subject's preparatory set o7 starting point. 
To control preparatory set each subject was given a whole sequence 
of maltdplicstion problexs such as 7x3, 726, Tz4, 7x92 
ate.. intende’ to set up an “expectation” or “set™ for problems of the 
fors 7 Zn, where n would vary. When this set wee pretty well 
esteblished, variations were mmg suc. es 4 x] (reversing the order 
to nx 7 ) and also entixely extrancous problems such es 9x5. If 
maltipiying fs a search process of sny sort, then the “preparatory see" 
ehoald be estebliched es the subject learns where to bezin hie sear, 


and execptional itera in the Must should be slowed dem because they 
ere not to be found in the immediate search area. 
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Tese experiments were norformed in the Paychelegicss Labsratories 
at Tnddene University, in a aust lshoratory reza. Apparatus consisted 
nainiy of a small tepe recorder ca which coth the experimenter's 


“otimlug™ ana the subject's "zcsponses” were recorded, 
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Evbtecta: Subjects vere 50 students fron elementary poycholegy lecture 
end isboratery courses eh Inclane Uatveraity, working for clags credit. 
There were: al male cand 28 Zemakes,. 17-25 years oid. 


Proced dure: Subjects wore instructed thet this was 8 | steady of predlen 
sciving and they were to mult! tply the two elven munbers as fast as 
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8 reaponted verbely with the msver. The next problen w vas presented 
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bout 3005 sec. ater | the response, | BO es to o prevent, R end 8 Potting 

inte e rhythm, | nn 
Responses vere recorded om a tape recorder, and later the tane 

was played before & yolceekey systen eng the times recorded nenually» 
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Desten: Each series consisted of 25 problems, coasisting of 21 items 
Gf the scheinduciag typo, two. "reversals", and exo. "exeeptiona™. In 
the list 7 xn, for example, the 21 seteinducing tems would be Yuu , 
thes 2a, Jud ,-TRO-y ete. The veversele would be 1 x7 yp. fer 
exemple, 8217. The “exception” item has-no 3-42 23, seine Sor 
ezemis 2x3. Hack subject. wag civen & such isis, the comm = _ 
elenasts being 2; 35. 55.7, and 2 ¢ elven in verted orders 
far titferent subjects. The set-inducing items ad their constant, 
éigit Zizsst. <f su) in helf the lists, end second fn » 7) in the .. «> 
othe> hsif _ S3QGS. ~~ ee Sed tesehe vated ce ek Det an ib 
., With this Cote at de possible SS scopare sete-induning, xeversel, 


end swHen: <<» 1arPownerina hiasnse tha seve Shanta at 
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inéteing in one terdes, & reversal in another corics, and an eacoption 
in still a third. Furthernere, it ig pessdble to study the development 


af the set. anf the tims cxA asenwes mate +a nestles: cf various sizes, 


by singling o&t only setsinduting itens for consideration. 

“>: Bdneuse &-“weversal ie not « reverse? wntt? the set is well 
éetcrdtehst, the fiest eitcption or reversal did not appear util trial 
1Du12 Of & series of 25; The to reversed and the two exception itezs 
were then spread out quite evenly over the lest 1215 items so that 
e&th was preceded by at Least three consecutive seteinducing itexs. 
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'-* Mhe-ove ell wean timé to mitiply two nuzbers in the set-inducing 
grou ves 0.86 sec. 5 reversed iteus averaged 0.88 céc., only elightly 
loungers Wot exception tems averaged 1.00 sec., considerably slower. 
From this we way codchide thit the effort to establish « deternining 
tendency ‘or set was “guccesefal. The resubts are shows fa Pie. del. 

'* “Tf we vow ‘Consider only “the cet-tnducing items, {+ is sppereat 
that ‘largex' numbers take lotiger.to multiply thai emaller mes. Several 
possibilities can be entertained, Tor exeiple; it wey te that the 
child learns the mitiplidstion tebis uw to'5, ‘then up to 4, ate., 
end is more skitlful end rapid at those smaiter nuxbets. If oa, it is 
naturel to suppdsd thet the tinsetid-calcutete Should @epena only o- the 
Larger of the ‘to numbers given; for the lsraei nunbes detexaines ‘the 
Jeveest tebts thet mist be noi. Me. 2 sugedbts stecagiy that this 
cekijectube is: Lacorrest. ‘The veasay is thet Af anythiig, tine to~ 
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calenlete seems tO Gepend more on the snaller than on the ierger Gicit: 
that is, the lines are displaced up-mni-dowa as much if not more “hen 
the Lines tilt, increasing with the larger digit. 

_ Another possible means of multiplyiag ie for the subject te lock 
the answer up in a two-way teble. I? so, then when given the first 
NUEEy the subsact aight sclest 2 rev of the tebe, then when given 
the Becénd number mignt scan down that teble iccsing for the ansver. 
Theze io nc xesgon to suppose that +imewtoammltiply, here measured as 
tins. from the gecond factor $c the answ>, would capend upon the first 
‘teetor, No matter vhat the first factor is, the subject can select 
his row before the second Zactor, and the measured yseaction tine, begins, 
Pigure 4-3 shows that the reaction time does depend strongly on the 
nagnitsde of the second digit, as might be expected from this nypothesis, 
but alas depends hoavdly on the first civzit, for notice that the curves 
in Pigs ko3 are seperated widely, os well oa being tilted. 

— ___. 
Insert Fig. '-3 about here 
| ‘Moally,, may ve ve “eupponed thst, ‘the ax subject actually Gee 
the solution to the pvoblen by. 0 very rapid process of eGdition or 
counting. If so; tie tink réqatrel should depebd. une the negnitade of 
the ensver fteel?. 1 Fig. tel is plotted that meat weaction tics as 
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© femetion of tho product er tres aower,. Votico thet products of 5 , 

rzcaly, 225, 325, 725., and gx S are conswheh fester thes 

other profusts. The date points in Fig. 4% lie ressmiebly ciese to 

the curva, suggesting thee the process of multiplying docs seen to 

‘Gapend upon both factors and their magnitudes, but the result is hardly 
- tefinitive enovgh to allow ua to conclude that the process is acca 


plished through en adéiag or counting procedure. 
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Insert Fig. bel ebout bere 
aesreenceenen een nnGRenADEPNEA SeESRaDUEDADSS< MADERA ADORE 
Saxswhet more detailed information is enteined vy considering the 
| infrequent errors. For this canons, consider ouly responses from Lo 
to 72, %. thie rence caysains most of the cerore made. 

. & total of 5% orrora were rbserved, end the most striking fact is 
that meat of the nuubers given in errer axe products of other values 
within the mitiplicetion table. Fren 40-72, the Zolioving sumbers 
eqpenr us prowusss in Ole madliplicatlan table cp $0 56; Gy Es 
5, WB, m9, Sh, 56, 63, 6%, and 72., Thus only ten of 
the 32 vaiuss, dU~=72 , are products. 

& totel of 42 errors convisted of wrong ‘proincts, whereas only i2 
errors were distributed over the other 23 nushers. Esch product was 
waged G2 an error on the average 4.2 times, whexeas each number thet 
4a not @ product da yaed sn average of 0,5 tines, 

Tin reanlt stroneiy susgests that subject do nob just “calculate” 
the number by a comting oy adding process that migic run short or 
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cvar=rum,. On tho contrary, cubjects seam to have avalicbie tho list 
cf cesvorn os products, cond attexpt to celect the one corrcet cnswer 
fren this List wnen given the fectors. 

Further evidence that we deal with sozething other then a counting 
ev adding process is given by the fact thet 10 of the 54 errors were 
of magnitude grester than 10 , that is, the aifference between the 
answer given end the true product was greater than 20 . ctcusidering 
the high proportion of accurate respmses, (a total of 6,250 responses 
were elicited, of which 6,196 or about 99 percent were correct}, crroxs 
es large 2s 10 should be very rare if produced merely by a counting or 
edding mochenism, 

Of those answers giver thet are wrong but ere products, 42 reenonses 
in total number , 31 are products of one of the numbers in the set 
times some wrong number. For example, given 7 = 6 the subject might 
give response §3 , whieh is equal to 7x9. Therefore, the easwer 
gives shares one fector with the correct saswer, 

If multiplying consisted of Lovking wp values in a table, one 
micht expres the subject usually to optain a correct reciing of the row 
but “« be in error with respect to the columm, or viecceversa. If 20; 
ordingrlly tke subject would err in oily onze ef the two factors, 


She mola excepticn to this pattern wes found in the comfusion ox 


two very Gifficult produces, 6% 92 5k end Tx 56 « It was 
relatively ccumoa for subjects to mene these tyvo; o total of ning 
of tho 54 total. orrors wore confusions. Hovever, netics that these 


two preducts hevo no econ Factore in the tebe, thovgh both ere even. 
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So paGtiudy o higkss Teegtieoncy OF confusions. 

da nov hava. emercinge. a nietures of the tvedcal sebiect kevin® 
memorize’ cmd leavened te generate a List of netbers thes are the pro 
@uchs or aaSvers to the muttipzication teble, Given tho factors he 
senmher vaca them te ssusck this List, tixsing to pick cas the correct 
Snswer, Ths precess takes an average of about one stecceid. 

One final idea thet would reiste the mittiniiestion table to cale 
ealatton would be the use of valid cuss, about the factors, ta choose 
(or eliminate) possible products. One simple rule is this; any two of4 
factora give an odd product, and if there is an even factor the product 
must be even. If the subject used this fairly-obvicus rule, than he 
would make mainly odd errors when given tue odf fectors, ad even 


C..20ne otherwise. Table hel shavs the results ef a tatulation. 


: Teble bel 


Frequency of Odd and Even Errors as @ 
Function of Whether the Prodact 
itself wes Odd or Even 


Subject's Error 
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[5 cma be cons Pree Teble hel, tho subjects chsved 6 strong prc= 
forcnce fez oven Gver e648 prodeste 05 errencets chowcrs. Tale may 
veMlest Ghe Pam thet 6? the 19 rasihle wrong products. 7 are even end 
enly 3 ere cfd, If the subject hae been given © gropic2 with an odd 
product, there are only two other cad products thet can be errors, and 
7 aves nroducta, 20 the provebility (other things equal) co? an odd 
product teing efves om en error showld be 2 / (2 +7) * 222. In the 
fable, 3-0 19 or .358 cf the errors vere odd. If tue subject 
hes been given & provies with an even answer there ere 6 even proaicts 
thet can be wrong, and 3 cdd. ‘The probebilicy of sa od& product being 
given as an error, ovher things equel, vould bo 3/9 = 333 - In the 
table 26 is shom that <i of 35 , 0% .3%4 of the erxore ame o22. 

These two caleulstions give eu accurate eecoumt of the vaiuec in 
Teble hel, To complete the argument, notice thet a tote of 19 cut 
o@ sh .erress ere aede when the correct product is cdd, that is, 5352 . 
Since cne=tiird of the true exsvers ere O81, one might have predicted 
033 Of el3 orrere wold bo mate to add products, 4f there were ro bias, 
end te Gitseaacs ie alignte 

in summary, orxoxs t5-c2-"ada problem have a tendency to be even 
errors, if these.ds no bias, simply becsuse cue of the three possible 
od& predzeta is alresdy used up as the correct answer. Errors ca “even” 
problems hava 9 corresponding though eneller tendency to be odd, The 
: calcutations given cbove agree very clesely with such predicted veiues, 
cmaigerics the seal sumer esssevations.. This, in tusti, cerces 


with che bypothesis that the cubiects, when trying to find on exower 
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in tho miltipBicaticn toble, co not use the ete of “EVE pIathS" fn 


" selecting Sho ensyver they will cuccso. hore ds no correlatien betwen 
avensness of tho aiswer given aad svea-tess of the tias Fromess. 


Conclusions 


This study: haz shown, first, that clear patterns nay meres when 
we atudy performance or & highiy-skilied methensticel task, even 86 
simple s task 09 multiplying tro sxall nucbers, Using the multiplication 
table. 

Second, a get or Ctemining tendency can b* estebtished over a 
sesuence Gf 20 such prcicms, strong encugh to wause some delay when 
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& probes outside the sot ic intreduccd, The detey, ¢eca epproxinstely 
.82 te 21.00 Bec., was nOb very leaves DUS seemed Cotectable sad 
promsbig significant. 
he exact nature of this get reuaing semewhst unclear, After a 
series cf tr2als on J x2 y she svdject ts glowed only sitgutiy by 
begin civen 1 x7 , but is move sloved Swe by BEN s * Tb Rppeaks, 
then, that a set to find Ten 15 very sirdie® to, Sd cameatinie with, 
a net to find n=x7. The "multiplication table” ix, ef courss, 
symmetrical because the cperetion of maitiplicaticna is Ctetixthbive 5 
&sbeoxrae 4 
It tg cvetous thes larger numbers rewuite tore tite th calculates 
° Go faz as vo have teen eble to discern, 16 fo nod the Sirst,y aor tue 
eecmnd, nor tho larger of the eo Casters thot Cotcsalass theo, Pes t208 
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Ons yocciblo expleneticn of this fact voul? be thet tho subject 
mncenaiensly ealevictes the enswer, by & process ef successive eating 
oe oomting, Cisarly, emmting up to 72 . even at 8 vory high spesd 
and unconsciously, should teke longer then comting to 27 « 

Sualyais of errors imficetes thet exrers ara net mevely the - 
results cf stopping stort or cverrunning of a cauntiag nechaninn. With 
yemerxavle consietency subjects choose, a8 erTomseoUs answers, nurbara 
that appear is the multiplication table as products. 

Te errova aid neh consistently lie dust shove or just next to the 
correct ancwer in the tebic—tieat de, subjects a26 nes seer & TeTF 
strong an esnsistest teadsney to satitute Ex fT for Bu 5 Gites 
for & somes eonteeion ves between Gx T ani 9x6. 

Subjects ahoved no Glsceracbie teadency te coves EVER exroxe vhen 
the ¢eae predues wan SURE, se the ODD-EVES gooperty was Gorastly ast 
yaed 2a eniessing the cgeues feos she Sebha. 

A process of estinxkien, if veed, was aly fairly euscsssful, 
since 20 of the 9% emveve were more then 2 fn mremttudes 

ie results of tnie experiment sre, therefere, eomubsi negetive, 
ésy Shee vo Reve elinluected many possible mscheniens for tus process of 
multipiyics asa nusbera, without erriving 2b 6 very clear pheture of 
the process ectuelly used. He know thet 26 is act 3 settes of a cimpic, 
renfomencoass. memory. eince est. amd magnitude of the musbers, ab least, 
hore @ deren offers on ties ta respond. Accs for Tes sino worked 
sGnest.ea woh for 0 8 7 » dnlesting thet commubetivity of multiple 
exzion 4a weed by the eubjects in organising the task. However, 
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enalyois of errors shew thst subjects do not use the ODD-EVLT rula to 
solect enoworo, but do pick test of their errors fron vaincs in the 


, teble. 

One mey-picture the process epprovimately as folicvs. The subjoct 
in bda childhood training on the multiplication teble, bas mastered a 
genered ekill in vhich he can genervte any of the products, 40, 12, 
ts, WB, WO, Sh, 965 €3, 64, 72, ma 61 very rapidly 
when given a miltiplicction-teble problem. His proviem, therefore, is 
merely to select among these values when given the specific factors. 

A Gisfieulty facing che siusiect ace te that the possible ans¥ers 
axe opaead widely wits many nen-imawers between, It may be relatively 
exay to find the enswer when answers are wore closely packed and there 
ete fewer imposoible velues to bo ignored. Inspection of Figure 'é5 
chosz thet the mevers to probleis in the miltiplication tebles, 1-—9, 
ate etueontrated et tha lover values end tecome quits sparse ebeve 50. 
This may we the source of the difficulty students heave calculating the 
Larger products. This iypsthesis would take acecimt of the fact that 
the anced seems to depend upon the product rather than cither factor, 
yet errors are patterned as they are. 

Houstheiess, it mast be admitted that the picture of multiplying 
given by thie experimest is very incsuplete. The fast; amarzing from 
the Gate ont not forseen, is the great importance of what may be 
called the “responce preduction” aspect of the precess. The impertcaace 
: of srodzelng responses, in ordinary palredesssocistes Learning, hes 

been expnesised especially by Underwood (for example, in the beck by 
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n:mesraacensmeseneneseomsiets 
Underwood and Schuls}. In the task of m1%3: » at least when 
reciting the 1-3 teble raplily, it epysars that students become 
especiaily resiy to enit these numbers that are products in the tebdle. 
By whet nechanisn these numbers are integrated and given strong 


ave available, thea some mechanism is needed to supprasé.ell but she 
eorrect reapense. Thie process worked successfully $9 percent of 
the time, 4n the present experiment, but we found that when subjects 
did err they often got neither factor right, ana paid no aatectenle 
attention to the odd-even principle. ‘This may rereiy ween that wsse 

mechaniets happened to slip, producing an eszor, snd that thay exe 
usually sufficient to yield a correct answex'. 
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